UNIT -1
STRESS, STRAIN AND DEFORMATION OF SOLIDS

TYPES OF STRESSES :

Only two basic stresses exists : (1) normal stress and (2) shear shear stress. Other
stresses either are similar to these basic stresses or are a combination of these e.g. bending
stress is a combination tensile, compressive and shear stresses. Torsional stress, as encountered
in twisting of a shaft is a shearing stress.

Let us define the normal stresses and shear stresses in the following sections.
Normal stresses : We have defined stress as force per unit area. If the stresses are normal to

the areas concerned, then these are termed as normal stresses. The normal stresses are generally
denoted by a Greek letter ( )

/

Area

(e}

This is also known as uniaxial state of stress, because the stresses acts only in one direction
however, such a state rarely exists, therefore we have biaxial and triaxial state of stresses where
either the two mutually perpendicular normal stresses acts or three mutually perpendicular
normal stresses acts as shown in the figures below :
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(Biaxial state of stress) s /
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(Triaxial state of stress)
Tensile or compressive stresses :

The normal stresses can be either tensile or compressive whether the stresses acts out of the
area or into the area
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(Tensile stress)
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(Compressive stress)
Shear stresses :

Let us consider now the situation, where the cross — sectional area of a block of material is
subject to a distribution of forces which are parallel, rather than normal, to the area concerned.
Such forces are associated with a shearing of the material, and are referred to as shear forces.
The resulting force interistes are known as shear stresses.

Forces acting parallel

to the area concerned

/

[

The resulting force intensities are known as shear stresses, the mean shear stress being equal
to

_F
-'E — —
A,
Where P is the total force and A the area over which it acts.

As we know that the particular stress generally holds good only at a point therefore we can
define shear stress at a point as

= Iim &
T EAD BA,
The greek symbol t ( tau ) ( suggesting tangential ) is used to denote shear stress.

However, it must be borne in mind that the stress ( resultant stress ) at any point in a body is
basically resolved into two components and one acts perpendicular and other parallel to the
area concerned, as it is clearly defined in the following figure.
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Shear failure of Rivetts
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Stress at section CD:
S _ Load  _ P ) )
WSS Oco = Area n 5 1e and the shear area is the cross - sectional of the
3 (D3) n the case of Bultt joints of rivetts and the shear
40,000 , e rivett.
mn (50) = 20.37Nmm? - shown in Fig.and (ii) find the total
4 3 ax s a1 T anzrar
0° To find: (1) Stresses in each section, and
Oep = 20.37 N/mm? |

We know that,

. 5 PIL L L
Total elongation, L. = E |:7\_| +'A‘2' +A_3

L, = 300 mm; L,=250mm; L,=20(
E = 2x 105 N/mm?
Result: o,5 = 127.38 N/mm?
Ogc = 31.8 N/mm?
Ocp = 20.38 N/mm?
8L = 0.25mm

(2) Total extension of the bar.

© Solution: Stress at section AB:

] 50 Stress, ©

Stress at section BC:

Stress, oge =

D
Load P 40,000
AB T A - -
s % (D,)? % (20)2 50mm —>P
O = 127.32 N/mm? :
0 mm
L3
Load P 40,000
Area 7 ' 5
Z (Dz)2 Z (40)?
F’mr = 31.83 N/mm?]
= B2 300 " 250 N 200

0.2

2 OF G OF O

-

300

250 . 200
+ +

|4 Q07 G @op g (sop

0.2 [0.955 +0.199 + 0.101]



rChange in length, 8L = 0.25 mm |




2. A member ABCD is subjected to point loads P1, P2, P3, P4 as shown in fig. Calculate the
force P2 necessary for equilibrium, if Py =45 KN, P3 =450 KN and P4 = 139 KN. Determine
the total elongation of the member, assuming the modulus of elasticity to be 2.1 x 10° N/mm?

B C

D

— 625mm’ 2500

2 1250mm? [e—
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Sol. Given :

Part AB : Area, A, = 625 mm? and
Length, L, =120 cm = 1200 mm

Part BC : Area, A, = 2500 mm? and
Length, L, = 60 cm = 600 mm

Part CD : Area, A, = 1250 mm? and
Length, Ly =90 cm = 900 mm

Value of E =2.1 x 105 N/mm?2.

Value of P, necessary for equilibrium

*— 120cm —¢——— 0em ——»¢—— Q0cm

Resolving the forces on the rod along its axis (i.e., equating the forces acting towards

right to those acting towards left), we get
P,+P,=P,+P,
Increase in length of AB

P 45000
= e 120! s P=4 =
aE *11= g5 xaix10s * 12 ( AR = TR0
=0.4114 mm
Decrease in length of BC
p 320,000
=——XLy=——"7———x600 (~+ P =320 kN = 320000)
AE" 7 2500 x 2.1x 10°
= 0.3657 mm
Increase in length of CD
it Ty W OO s (- P =130 kN = 130000)
AE 1250 x 2.1x 10
= 0.4457 mm

Total change in the length of member
=0.4114 - 0.3657 + 0.4457

(Taking +ve sign for increase in length and
—ve sign for decrease in length)

= 0.4914 mm (extension). Ans.

6l = 0.4914mm

Thermal stresses, Bars subjected to tension and Compression

A B
45 kN 45 kN

320 kN 320 kN
— le——
B C
130 kN
«—]

Compound bar: In certain application it is necessary to use a combination of elements or bars
made from different materials, each material performing a different function. In over head
electric cables or Transmission Lines for example it is often convenient to carry the current in
a set of copper wires surrounding steel wires. The later being designed to support the weight
of the cable over large spans. Such a combination of materials is generally termed compound

bars.

130 kN



Consider therefore, a compound bar consisting of n members, each having a different length
and cross sectional area and each being of a different material. Let all member have a common
extension ‘x' i.e. the load is positioned to produce the same extension in each member.
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Where Fn is the force in the nth member and A, and L, are its cross - sectional area and length.
Let W be the total load, the total load carried will be the sum of all loads for all the members.

Therefore, each member carries a portion of the total load W proportional of EA / L value.

E A
F o= S0y
if the length of each individual member in same then, we may write =~ ZEA

Thus, the stress in member '1' may be determined as 61 = F1 / Ay

Determination of common extension of compound bars: In order to determine the common
extension of a compound bar it is convenient to consider it as a single bar of an imaginary
material with an equivalent or combined modulus Ec.

Assumption: Here it is necessary to assume that both the extension and original lengths of the
individual members of the compound bar are the same, the strains in all members will than be
equal.

Total load on compound bar =F; + Fo+ Fs+......... + Fn

where F1, F 2,.....etc are the loads in members 1,2 etc

But force = stress . area,therefore

S(AL+A2+...... +An)=stA1+s2 A2 +........ +Sn An



Where s is the stress in the equivalent single bar
Dividing throughout by the common strain T .

i iJ i )
O U 7. it A gt 2 s
E( 1A A 1t = z t EAn
]

=
e E (A + A, +. +A )= EA +EhA, + E A
b B rEA ¢ EA
S At ALt A
_SEA
T A

with an externalload VW applied stress in the equivalent bar may be computed as

or E,

stress=ﬂ
oA,
. ) ¥ Wy
t th lent bar=—=
strain inthe equivalent bar [~ TAE,
hence commen extension ¥ = WL
E.ZA

1.A Mild steel rod of 20 mm diameter and 300 mm long is enclosed centrally inside a hollow
copper tube of external diameter 30 mm and internal diameter 25 mm. The ends of the rod and
tube are brazed together, and the composite bar is subjected to an axial pull of 40 KN. If E for
steel and copper is 200 GN/m? and 100 GN/m? respectively, find the stresses developed in the
rod and the tube also find the extension of the rod.

GIVEN DATA

Diaof steel rod =20mm

Areaof steel rod = A, =ﬁ x 202 =100t mm?2

Areaof Copper tube=A. =ﬁ ><(30 2 252) =215.98mm*

E,=200GN / m*=200x10® N/mm? ; Ec=100GN /m?=100x10° N / mm?
TO FIND

Stresses on the tube and rod

Solution

Os OoC oC
_ : _ ,; O =2C
= os =—XxEq s c

Es Ec Ec
P=Ps+ Pc
50x10% =6 .A +c .A

S S c C

50x10% =26¢.100n +6¢.215.98

oc =59.21N / mm?



os =118.45N / mm?



2.A reinforced concrete column 50cm x 50cm in section is reinforced with 4 steel bars of 2.5cm
diameter, one in each corner. The column is carrying a load of 2 MN. Find the stresses in the
concrete and steel bars.

Take,
Modulus of Elasticity for steel E, = 2.1 x 10° N/mn?®
Modulus of Elasticity for concrete E. = 1.4 x 10 N/mm?

Given:
Concrete column dimensions = 50 cm x 50 cm
= 500 mm x 500 mm

Diameter of steel bar, D, = 2.5 cm =25 mm

Load, P = 2 MN=2x 106N
E. = 2.1 x 105 N/mm2

3

E. = 1.4 x 10* N/mm?2

c

To find: Stresses in the concrete and steel bars.

© Solution: Area of column= 500 mm x 500 mm
= 25x 104 mm?
= 2500 cm?
| Area of column = 25 x 104 mm? | S
L ] -2

Area of steel, A, = g‘ x (25)2

= 4.90 x 102 mm?
For four steel bar, A, = 4x490x 10> mm?
= 1963.4 mm?
| Area of steel, A, = 1963.4 mmzj

Area of column — Area of steel
= 250000 -1963.4
2,48,036.6 mm? |

.. Area of concrete

Il

[ Area of concrete, A_

We know that,
Total load, P = Load on steel bar + Load on concrete
2MN = P, +P,
[2x106 = P +P,| (A
We know that,
Change in length of steel bar = Change in length of concrete
PS LS = PC LC
= AS ES AC EC
The length of steel bar and concrete are equal.
so, L, = L,
PS PC
= AE, = A.E,
PS PC
= 19634x21x105 ~ 248036.6 x 1.4 x 10°

| P, = 0.118P,




Substituting in (A),

(A) = 2% 106 = P.+P,
2x 106 = 0.118P,+P,
| P, = 1.78x 105N |
= P, = (0.118) x 1.78 x 106
| P, = 021 x10°N |
. " _ Load Py 021x106
tress on steel bar, o, = Ayag As = ___—1963.4
l Stress on steel bar, 5, = 106.96 N/mmﬂ
5 _ Load P, 1.78x106
tress on concrete, 6, = ;= = A, - 548036.6
l Stress on concrete, 5, = 7.18 N/mm? ]
Result: Stress on steel bar, o, = 106.96 N/mm?
Stress on concrete, 5, = 7.18 N/mm?

Compound bars subjected to Temp. Change : Ordinary materials expand when heated and
contract when cooled, hence , an increase in temperature produce a positive thermal strain.
Thermal strains usually are reversible in a sense that the member returns to its original shape
when the temperature return to its original value. However, there here are some materials which
do not behave in this manner. These metals differs from ordinary materials in a sence that the
strains are related non linearly to temperature and some times are irreversible .when a material
is subjected to a change in temp. is a length will change by an amount.

dt =a.Lt

orl=a.Ltors=E .at

LOLLLLE

3
a = coefficient of linear expansoin for the material
L = original Length t = temp. change

Thus an increase in temperature produces an increase in length and a decrease in
temperature results in a decrease in length except in very special cases of materials with zero
or negative coefficients of expansion which need not to be considered here.

If however, the free expansion of the material is prevented by some external force, then
a stress is set up in the material. They stress is equal in magnitude to that which would be
produced in the bar by initially allowing the bar to its free length and then applying sufficient
force to return the bar to its original length.
Changein Length=alLt

Therefore, strain=alLt/L

=at



Therefore ,the stress generated in the material by the application of sufficient force to remove
this strain

=strain x E
or Stress=Eat

Consider now a compound bar constructed from two different materials rigidly joined together,
for simplicity.

Let us consider that the materials in this case are steel and brass.

Steel

Brass

If we have both applied stresses and a temp. change, thermal strains may be added to those
given by generalized hook's law equation —e.g.

[cr - o, +a, ]+o¢.-'l-.t

E
_1
—E }{UI+UZ] + it
1— - o, +ay, ]+o¢.-'l-.t
E

While the normal strains a body are affected by changes in temperatures, shear strains are not.
Because if the temp. of any block or element changes, then its size changes not its shape
therefore shear strains do not change.

In general, the coefficients of expansion of the two materials forming the compound bar will
be different so that as the temp. rises each material will attempt to expand by different amounts.
Figure below shows the positions to which the individual materials will expand if they are
completely free to expand (i.e not joined rigidly together as a compound bar). The extension
of any Length L is givenbya Lt
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In general, changes in lengths due to thermal strains may be calculated form equation dt = a Lt,
provided that the members are able to expand or contract freely, a situation that exists in
statically determinates structures. As a consequence no stresses are generated in a statically
determinate structure when one or more members undergo a uniform temperature change. If in
a structure (or a compound bar), the free expansion or contraction is not allowed then the
member becomes s statically indeterminate, which is just being discussed as an example of the
compound bar and thermal stresses would be generated.

Thus the difference of free expansion lengths or so called free lengths

=ap.lL.t-as.L.t

=(as-as).L.t

Since in this case the coefficient of expansion of the brass ag is greater then that for the steel as.
the initial lengths L of the two materials are assumed equal.

Conclusion 1.
Extension of steel + compression brass = difference in  free” length

Applying Newton 's law of equal action and reaction the following second Conclusion also
holds good.

Conclusion 2.

The tensile force applied to the short member by the long member is equal in magnitude to the
compressive force applied to long member by the short member.

Thus in this case
Tensile force in steel = compressive force in brass

These conclusions may be written in the form of mathematical equations as given below:



forconclusiont
0.l opl

e, = o - o Lt
forconclusion?
a_A = 0p.hy

Using these two equations, the magnitude of the stresses may be determined.

1.A steel rod of 20mm diameter passes centrally through a copper tube of 50mm external
diameter and 40mm internal diameter. The tube is closed at each end by rigid plates of
negligible thickness. The nuts are tightened lightly home on the projecting parts of the rod. If
the temperature of the assembly is raised by 50°C, calculate the stress developed in copper and
steel. Take E for steel and copper as 200 GN/m? and 100 GN/m? and « for steel and copper as
12 x 10°® per °C and 18 x 107 per °C.

GIVEN DATA

Diaof steel rod =20mm

Areaof steel rod = A, =ﬁ x 202 =100t mm?2

Areaof Copper tube= A, :ﬁ x(50%~40") =2251 mm®

Riseof temperatureT =50°C

E,=200GN / m>=200x10%® N/mm?; E =100GN /m?=100x10° N / mm?

C
o =12x1078 per °C : o, =18x10-° per °C

TO FIND

Stresses developed in the steel

SOLUTION
Cs.As=0..Ac
oc.A. 225n
= = X0
S A 100m 0 ¢
G5 =2.250,
o TL+28 L=a T.L+°¢ L
S E c E
S C

2.256¢

12x10°6 x50 + - 18x10-6 x50 + ——C

00x10° 100x10°

oc =14.117N / mm?



os =31.76 N / mm?



ELASTIC CONSTANTS

In considering the elastic behavior of an isotropic materials under, normal, shear and
hydrostatic loading, we introduce a total of four elastic constants namely E, G, K, and [ .

It turns out that not all of these are independent to the others. In fact, given any two of them,
the other two can be foundout . Let us define these elastic constants

(1) E=Young's Modulus of Rigidity

= Stress / strain
(it) G = Shear Modulus or Modulus of rigidity
= Shear stress / Shear strain
(ilf) p = Possion's ratio
W = lateral strain / longitudinal strain
(iv) K = Bulk Modulus of elasticity
= Volumetric stress / Volumetric strain
Where
Volumetric strain = sum of linear stress in x, y and z direction.
Volumetric stress = stress which cause the change in volume.
Let us find the relations between them

Relation between E. G and K :

The relationship between E, G and K can be easily determined by eliminating [ from the
already derived relations

E=2G(1+p)andE=3K(1-2n)

Thus, the following relationship may be obtained

=N E]

[Bk + 5]

1.Determine the change in length, breadth and thickness of a steel bar 4m long, 30mm wide
and 20mm thick, when subjected to an axial pull of 120KN in the direction of its length. Take
E=200GPa and Poisson’s ratio = 0.3.



=

Given:  Length, L
Wide, b

Thickness, ¢

Axial pull, P
Young’s Modulus, E

Poisson’s ratio, 1/m

4 m =-4000 mm;

30 mm

20 mm;
120kN=120x 103N
200 GPa

= 200 x 109 Pa =200 x 109 N/m?

= 200 x 103 N/mm?2;

0.3

To find: 1. Change in length, 5L,
2. Change in breadth, 85,
3. Change in thickness, 8¢.
© Solution: We know that,

Young’s Modulus, E =

Tensile stress
Tensile strain

Tensile strain or} _ Change in length _ 3L

Longitudinal strain

e, =

Poisson’s ratio =

SL

m:lxl0'3=

Lateral strain e

Original length ~ L

SL
2000 B>[L = 4mm]

=L

Longitudinal strain ¢,

= 03 = Tx10°
le, = 3x lO“‘J
Lateral dimension, e, = §b£ or §""
= e,=%=>3x10"‘=‘§£
[Change in breadth, 35 = 9 x 10-3 mm |
TR
[Change in thickness, 52 = 6 x 10~ mm |
Result: Change in length, S = 4 mm
Change in breadth, 856 = 9 x 10 mm
Change in thickness, 8¢ = 6 x 10~ mm

4]

=9
€1
= 200x10% = f; = Kp—e, [ Stressc = I;‘?_::
200 x 103 = Breadthlf(;‘;i:ﬁessxe,
200 x 10 = 3(1)2:);013; |_>



Given:

To find:

Volumetric strains in terms of principal stresses:

As we know that

-7 Ty Ty
BT — - b= - p—=
"E "E "E
_ Yz 7 k]
E3= — ~Hh— - L—
E "E TE
ES:U_3 I_LU_1—|_LU_2

E E E

Futherolumetricstrain =g, + &, + &

_ oy tog tog) dpley +tog +oy)

E

_ oy roy oyl -2p)

E
hencethe

E

“Yolumetric strain =

oy +oy +oy )1 -2

E

A bar of 30mm diameter is subjected to a pull of 60KN. The measured extension on gauge
length of 200mm is 0.09mm and the change in diameter is 0.0039. Calculate the Poisson’s ratio
and value of three moduli.

Diameter, d = 30 mm;

PulLP=60kN=60x 103 N

Length, L =200 mm;

Change in length, L = 0.09 mm

Change in diameter, 84 = 0.0039 mm
Poisson’s ratio, 1/m,

1.
2. Young’s Modulus, E,
3.

Bulk Modulus, K,
4. Modulus of Rigidity, G.

© Solution: We know that,

Poisson’s ratio,

|- 3|~

Lateral strain, e,

Lateral strain

Longitudinal strain
€
€
db dd ot

T 0!‘7 Ol'_t—

8d _ 0.0039
€, d 30
[e, = 13x10-%]
.09
Longitudinal strain, e, % = 230
[e, = 45x10-%]

(D



We know that,

Young's Modulus, E = 2G ( 1+ ; )

2G(1+0.28)
7.0 x 104 N/mm? |

x(1-2)

= 1.8 x 103

G

Young’s Modulus, E

= 1.8x10° = 3K[1-2(0.28)]
K = 1.36 x 105 N/mm? |
Substituting e, , e, values in equation (1),
1 1.3 x 10-4
i m ~ 45x10% $ae

| Poisson’s ratio, 1/m = 0.28 |

Tensile stress o

Young’s Modulus, E = Tensile strain e

_ P - Sress o Load P
=Ko - Stresso = 00n =0
o 60 x 103
§d2x4.5xur4
_ 60 x 103
7 (B0Rx45x10-4
[E = 1.8 x 105 N/mm? |

A rod of length 1m and diameter 20mm is subjected to a tensile load of 20KN. The increase in
length of the rod is 0.30 mm and the decrease in diameter is 0.0018 mm. Calculate the poisson’s

ratio and three moduli.

Given: Rod length, L = 1m = 1000 mm
Diameter, d = 20 mm
Load, P = 20kN = 20x 103N
Change in length, 8L 0.30 mm
Change in diameter, 84 = 0.0018 mm

To find: 1. Poisson’s ratio (1/m).
2. Young’s modulus (E).
3. Bulk modulus (K).
4. Modulus of rigidity (G).



©Solution: We know that,
. Lateral strain
Longitudinal strain

Poisson’s ratio, (1/m)

L e

3 — =.
m e,
db dd &t
Lateral strain, e, = F (or) i (or) i
_dd _ 0.0018
4= g T 20
le, = 90x 106 |
L _ 0.30

Longitudinal strain, ¢, = T~ = 1000

= [, = 300x10% ]

Substituting e, , e, values in equation (1),

i 1 _ 90x10°%
M=% = 300x10%
1
e el 0.3
| Poisson’s ratio (1/m) = 0.3 |

We know that,

Tensile stress
Tensile strain

c P

e, - Ael
Load P ]

Young’s modulus, E =

[ Stress, © Kicn A

20 x 103
% d2 x 300 x 10-6

= E =

20 x 103
% (20)2 x 300 x 106

[E = 2.12 x 105 N/mm? |

We know that,

Young’s modulus, E = 2G ( 1 +# )

= 2.12x 103
2.12 x 105

2xG(1+0.3)
26G

(D



= G = 8.15 x 104 N/mm?
| Modulus of rigidity, G = 8.15 x 104 N/mm? |

We know that,
2
3K(I— m)

= 2.12x 105 3xK[1-2x(0.3)]
= K = 1.76 x 10° N/mm?
| Bulk modulus, K = 1.76 x 105 N/mm? |
Result: 1. Poisson’s ratio, 1/m = 0.3
2. Young’s modulus, E = 2.12 x 105 N/mm?
3. Modulus of rigidity, G = 8.15 x 104 N/mm?
4. Bulk modulus, K = 1.76 x 105 N/mm?

I

Young’s modulus, E

A steel plate 300mm long, 60mm wide and 30mm deep is acted upon by the forces shown in
figure. Determine the change in volume. Take E = 200 KN/mm? and Poisson’s ratio = 0.3.

- 75 KN
Given: Lengthx =300 mm; Width y =60 mm 1
Depth z =30 mm; -
Load in the direction of x = 50 kN 60 mm I
= 50X103N 30 mm 50 KN
Load in the direction of y = —80kN - /
= —80x 103N 80 KN
300 mm

[ Compressive load]
Load in the direction of z = 75 kN = 75 x 103 N
Young’s modulus E = 200 kN/mm?2 = 2 x 105 N/mm?
Poisson’s ratio (1/m) = 0.3
To find: Change in volume (dV).
©Solution:
Load in x direction
yxz
50 x 103
60 x 30
G, = 27.77 N/mm? |

X

Stress in x direction o, =

5 G Load in y direction
Stress in y direction o, = -
Y XXz

—-80x 103
300 x 30

c, = —8.388 N/mm?

Load in z direction
XXy

75 x 103

300 x 60

| o, = 4.16 N/mm? |

Z

Stress in z direction ¢, =

We know that,

. dv 1 2
Change in volume Vv ~ g (o,to,+0) [ ™ }



dVv 1
= ¥V = Tx105 @777-888+4.16)x [1-2x(03)]
av

= % = 46.1 x 10

= | dV = 46.1x 106V |

= dV = 461 x10%xxxyxz [ V=xxyxz]
= dV = 46.1 x 1070 x 300 x 60 x 30

= dV = 24.89 mm3

Result: Change in volume dV = 24.89 mm3
Stresses on inclined planes

Stresses on oblique plane: Till now we have dealt with either pure normal direct stress or pure
shear stress. In many instances, however both direct and shear stresses acts and the resultant
stress across any section will be neither normal nor tangential to the plane

F Thickness of the
element in z-dir is thin
\\ and is taken unity.

_ 7
Ty =0, SN 24

T. = —.0 _.5in28

@
F] —
-

Material subjected to pure shear:

>
oe)

Ty)( 9 Tyx

Ty = Ty, 5iN2H

|1rIE| = -7, |::|:|5219|

v

Material subjected to two mutually perpendicular direct stresses:
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Material subjected to combined direct and shear stresses:

cos2f

cos2f+ 1, sin2f

Oy
Ty . = (o, +a,) . (og -]
A ~ B i 2 2
- \P Txy o, -0
o Ta =( a yj Sin28
0 Ox a, = ':LTI + .:ryjl . EUI - ﬂy]
Gn 2
Ty _ (Ux - ':r'g.r:l .
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GRAPHICAL SOLUTION — MOHR'S STRESS CIRCLE

The transformation equations for plane stress can be represented in a graphical form known as
Mobhr's circle. This graphical representation is very useful in depending the relationships
between normal and shear stresses acting on any inclined plane at a point in a stresses body.

To draw a Mohr's stress circle consider a complex stress system as shown in the figure

Gy
Txy
A B
o P Txy
(8] Ox
[s11)
D = C
y Oy

The above system represents a complete stress system for any condition of applied load in two
dimensions
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1.The stresses at a point in a strained material is Px = 200 N/mm?Z and Py = -150 N/mm?
and q= 80 N/mmZ. Find the principal plane and principal stresses. Using graphicalmethod
and verify with analytical method. (Solve both methods)

© Solution: Graphical method:

1. Draw a horizontal line
and set off OA and OB
equal to o, and o, on
opposite sides to the
scale, since both the

stresses are opposite to
each other.



2. Bisect BA at C.

3. Draw perpendicular line AS from A which is equal to

shear stress. 80 N/mm? and to the same scale draw BR
from B.

4. With C as centre and CS as radius draw a circle. This is
known as Mohr’s circle.

4. By measurement, we find

Major principal stress, 6,;, = OH =215 N/mm?

Analytical method:

Major principal stress,

o, to, 1
O = T3 *3V(o-0p 4

= F5E2 43 00— IS0 + 4(R07

217.4 N/mm?

Minor principal stress,

O'|+0'2 1

C@:™ oy "2"\/(‘31 -0, +4¢°
= 2002;'50 -%\J [200 - (~150)]2 + 4(80)
= —167.4 N/'mm?
Location of principal plane,
s A
Q=03
__2x80
200+ 150
tan 20 = 0.457
= 20 = 2456 = 0 = 12.28° or 102.28°

Minor principal stress, 6,, = OG =- 165 N/mm?

ZSCA =24.5°
12.25°

Location of principal plane, 26
0

Results: From the above two methods we found that both
the answers were very close to each other.

Major principal stress, 6,, = 217.4 N/mm?
Minor principal stress, 6,, = — 167.4 N/mm?
12.28° or 102.28°

Location of principal plane, 6



At a point in a strained material, the principal stresses are 100 N/mm? tensile and 60 N/mm?
compressive. Calculate the normal stress, shear stress and resultant stress on a plane inclined
at 50 degree to the axis of major principal stress.

Given:
6, = 100 N/mm? (f
o, = —60N/mm? e i
(i.e., compressive) S / 4 Wi
8 = 50° l
O,

To find: Normal stress, shear stress and resultant stress on 50°
inclined plane.

© Solution:
G +0; OG>0
Normal stress, 6, = 5 T 5 cos20

[From equation (1.50)]
100-60 100 +—60)

= ) - > cos (2 x 50)

= 20+ 80 cos 100°
o, = 6.108 N/mm?

Tangential or shear stress,

9i=Fs .
o, = 5 xsin26

100 — (—60
= —é—zx sin (2 x 50)

= 80 x sin 100
= 78.78 N/mm?2
| o, = 78.78 N/mm? |

Resultant stress, 6,,, = A / csf, + csf [From equation (1.52)]

= ~/6.1082 + 78.782
G,,. = 79.02 N/mm?2

res

Results:

Normal stress, 5, = 6.108 N/mm?
Shear stress, 5, = 78.78 N/mm?
Resultant stress, 6,,, = 79.02 N/mm?



A point in a strained material is subjected to mutually perpendicular stresses of 600 N/mm?
(tensile) and 400 N/mm? (compressive). It’s also subjected to a shear stress of 100 N/mm?.
Draw the Mohr’s circle & find the principle stress & max. shear stress from diagram.
To find: From Mohr’s circle,
1. Principal stresses
2. Maximum shear stress
© Solution: ] '

1. Draw a horizontal line and R
set off OA and OB equal to
600 N/mm? and 400 N/mm?2 c A
on the opposite side to some : '
scale, since both stresses are
opposite side to each other.

2.. Bisect BA. at C

3. Draw perpendicular line AS or RB which is equal to shear
stress 100 N/mm? to the same scale.

4. With C as centre and CS as radius, draw a circle. This is
known as Mohr’s circle.

5. Draw a line CG' perpendicular to AB, which will gives the
maximum shear stress value.

By measurement,

OH = 610 N/mm?
Minor principal stress, 5,,, = OG =-410 N/mm?
CG' =510 N/mm?

Major principal stress, ,,

Maximum shear stress, (G,) yax

A 5mm thick aluminium plate has a width of 300mm and a length of 600mm subjected to pull
of 15000N and 9000N respectively in axial and transverse direction. Determine the normal,
tangential and resultant stresses on a plane 40 degree to the greatest stress.

Given: TPz
Width, » = 300 mm . M
Length, / = 600 mm Py »Py
Thickness, ¢ = 5 mm ‘P
Axial load, P, = 15000 N *

Transverse load, P, = 9000 N

To find: Normal (c,), tangential (c,) and resultant stresses on a
plane 40° to the greatest stress. ‘



© Solution: Analytical method:

Axial load
Area

15000
5 % 300 10 N/mm

Transverse load 9000
Area © 600x5

= 3 N/mm?

c,+0o c,—0C
N 1 A 2 91
ormal stress, ¢, = ) 5

[From equation (1.50)]

Axial stress, 6, =

Transverse stress, o,

2 cos 20

In this problem maximum stress is ¢ which is horizontal.

Therefore, 0 = 90°—-40°=50° to the vertical
10+3 10-3
= 0,= "5 *t5 cos (2 x 50°)
= 5.89 N/mm?
; o e N
Tangential stress, 6, = 5 xsin(26)
0=-3 .
= T, xsin 100°
o, = 3.447 N/mm?
Resultant stress, ,,, = 0’21 i 0',2

= [ 5.892+3.4472
6.82 N/mm?

Q
Il

res



Graphical method:

10 N/mm?2
-

10 N/mm?
-
A

Y

3 N/mm?2

1. Draw two perpendicular lines meeting at O representing the
direction of stresses 10 N/mm? and 3 N/mm?.

2. With O as centre, draw two concentric circles of radii OA
and OB equal tor10 N/mm?2 and 3 N/mm? to some scale.

3. Draw the line XY through O which makes an angle 50° with
the plane of 3 N/mm? stress.

4. From O, draw the line OCD which is perpendicular to the
line XY and meeting the circle at C and D.

5. Draw DE perpendicular to OA and draw CF perpendicular to
DE.

6. Join OF which is equal to resultant stress o,,, across the
plane XY.
7. From F, draw a line FG perpendicular to OD.

By measurements,

Normal stress, 6, = OG = 6 N/mm?
Tangential stress, 6, = GF = 3.4 N/mm?
Resultant stress, ¢,,. = OF = 6.9 N/mm?

res
Result:

Normal stress, 6, = 6 N/mm?
Tangential stress, 6, = 3.4 N/mm?

Resultant stress, ¢,,, = 6.9 N/mm?

At a point in a strained body subjected to two mutually perpendicular normal tensile stresses
of magnitude 30MPa and 12MPa accompanied by a shear stress of 16MPa. Locate the principal
planes and evaluate the principal stresses. Also calculate maximum shear stress. Check your
answer in graphical method using Mohr’s circle.



Given: o, = 30MPa = 30 N/mm?
6, = 12MPa = 12 N/mm?

q = 16 MPa

12 N/mm?2

A
16 Nmm2 €———F—

30 N/mm?2 A—P %—» 30 N/mm2

——> 16 N/mm?2
Y
12 N/mm2

To find: 1. Location of principal planes, 6

2. Principal stresses, G,,;, G,,»
3. Maximum shear stress, G, ..

. © Solution: Analytical method:
For this case, by using relation,

2
tan20 = ——1—
G, -0,
2x16
tan20 = 355 = 1777
20 = 60° 38
6 = 30°19' or 120° 19’
Major principal stress,
o, +0, 1
2 B '*E\/(‘~"1“52)2+4‘12
30+ 12

1
= =5 + 3\ (30-122+4x 16

c,; = 39.36 N/mm?

nl

Minor principal stress,

o, to, 1

Cn2 = 7 3 —5\/(01—02)2+4q2
30+12 1

= =5 -5V (30122 +4x 16

C,; = 2.642 N/mm?



Maximum shear stress,

1
©dmx = 3 \ (O -2 +4¢

1
= 5N (B0-122+4 x 162

(6)max = 18.36 N/mm?

Mohr’s Circle Method:

1. Draw a horizontal line and set off OA and OB equal to the
stresses 30 N/mm? and 12 N/mm? on the same side to some
suitable scale, since both are tensile stresses.

2. Bisect BA at C.

3. From A and B draw perpendicular lines AS and RB which is
equal to shear stress 16 N/mm? to the same scale as shown in
Fig.

4. With C as center and CS or CR as radius draw a circle which
meets the horizontal line at G and H.

By measurement,

R
Major principal stress,
6,; = OH = 39.5 N/mm?
o - <
Minor principal stress, G\ B CX20
G, = OG = 2.625 N/mm?
S

. . Mohr’s Circle

Location of principal stresses

Angle ZSCA = 20 = 60°
6 = 30° or 120°
Maximum shear stress,
(6,)max = CSorCR=18.5 N/mm?

Results:

1. Location of principal planes, 6 = 30°19' or 120°19'
A Major principal stress, 6,;, = 39.36 N/mm?

3. Minor principal stress, 6,, = 2.642 N/mm?

4. Maximum shear stress, (6,) pax = 18.36 N/mm?



UNIT-11
TRANSVERSE L OADING ON BEAMS AND STRESSES IN BEAM

A beam is a [[structural element]] that primarily resists loads applied laterally to the
beam's axis. Its mode of deflection is primarily by bending. The loads applied to the beam
result in reaction forces at the beam's support points. The total effect of all the forces acting on
the beam is to produce shear forces and bending moments within the beam, that in turn induce
internal stresses, strains and deflections of the beam. Beams are characterized by their manner
of support, profile (shape of cross-section), equilibrium conditions, length, and their material.

Types of beams

1. Simply supported — a beam supported on the ends which are free to rotate and have no
moment resistance.

2. Fixed —a beam supported on both ends and restrained from rotation.

Over hanging — a simple beam extending beyond its support on one end.

4. Double overhanging — a simple beam with both ends extending beyond its supports on
both ends.

5. Continuous — a beam extending over more than two supports.

Cantilever — a projecting beam fixed only at one end.

7. Trussed — a beam strengthened by adding a cable or rod to form a truss.

w

o

Beam Types

% Types of beams- depending on how they are

supported.
[ K D
(2) Cantilever (b) Simply supported
| |
L om om ) A 0 I
(c) Overhanging (d) continuous
2 Rectangular section] [ T- section] [ ! - section]
I i
[ J [ = Tul
(C) Fixed ended [ Triangular section] [ C: sce‘-::r:r:] [ Channel X - section]

(f) Cantilever, simply supported

Types of Transverse loading on Beams;
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Cantilever
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e
Beam
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(d)

LTI

77777

(f)

Concept of Shear Force and Bending moment in beams:

When the beam is loaded in some arbitrarily manner, the internal forces and moments are
developed and the terms shear force and bending moments come into pictures which are helpful
to analyze the beams further. Let us define these terms
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Fig 1

Now let us consider the beam as shown in fig 1(a) which is supporting the loads P1, P2, Pzand
is simply supported at two points creating the reactions Ry and R: respectively. Now let us
assume that the beam is to divided into or imagined to be cut into two portions at a section AA.
Now let us assume that the resultant of loads and reactions to the left of AA is ‘F' vertically
upwards, and since the entire beam is to remain in equilibrium, thus the resultant of forces to
the right of AA must also be F, acting downwards. This forces ‘F' is as a shear force. The
shearing force at any x-section of a beam represents the tendency for the portion of the beam
to one side of the section to slide or shear laterally relative to the other portion.

Therefore, now we are in a position to define the shear force ‘F' to as follows:

At any x-section of a beam, the shear force ‘F' is the algebraic sum of all the lateral components
of the forces acting on either side of the x-section.

Sign Convention for Shear Force:

The usual sign conventions to be followed for the shear forces have been illustrated in figures
2 and 3.

F

The resultant force which is in the downward
direction and is towards the R.H.S of the
X-section is +ve Shear Force.

The resultant force which is in upward
direction and is towards the L.H.8 of the
X-seclion is +ve Shear Force

Fig 2: Positive Shear Force



F

The resultant force which are in the downward
direction and is on the L.H.S of the X-section
is -ve Shear Force.

The resultant force which are in upward
direction and is on the R.H.S of the

A
|
[}
I
[}
I
|
|
|
|
|

| |
[}
|
]
[}
I
I
I
I
I
1
: X-section is -ve Shear Force.
A

Fig 3: Negative Shear Force

Bending Moment:

P1 P2 Pa
y
F7AZ7 7%77
A
Ri1 (a) Rz
P4 P A Ps
|
I
M/1 l Y-\M
y ! | \
: ! :
|
T7E77 N | P 77
L | -
A : A
|
R | i
1 ' R
(b) A
Fig 4

Let us again consider the beam which is simply supported at the two prints, carrying loads P,
P> and P3 and having the reactions R: and R> at the supports Fig 4. Now, let us imagine that the
beam is cut into two potions at the x-section AA. In a similar manner, as done for the case of
shear force, if we say that the resultant moment about the section AA of all the loads and
reactions to the left of the x-section at AA is M in C.W direction, then moment of forces to the
right of x-section AA must be ‘M' in C.C.W. Then ‘M'is called as the Bending moment and is
abbreviated as B.M. Now one can define the bending moment to be simply as the algebraic
sum of the moments about an x-section of all the forces acting on either side of the section

Sign Conventions for the Bending Moment:

For the bending moment, following sign conventions may be adopted as indicated in Fig 5
and Fig 6.
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positive B.M ,  considered as positive B.M negative B.M i
]
i
A

Resultant moment on the L.H.S of Resultant moment on the R.H.S postion Resultant moment on the L.H.S of Resultant moment on the R.H.S of
the X-section is C.W, then itis a of the X-section is C.C.W, then it may be the X-section is C.C.W, then itis a the X-section is C.W, then itis a
negative B.M
Fig5:Positive Bending Moment Fig 6: Negative Bending Moment

Some times, the terms ‘Sagging' and Hogging are generally used for the positive and negative
bending moments respectively.

Procedure for drawing shear force and bending moment diagram:
Preamble:

The advantage of plotting a variation of shear force F and bending moment M in a beam as a
function of ‘x' measured from one end of the beam is that it becomes easier to determine the
maximum absolute value of shear force and bending moment.

Further, the determination of value of M as a function of ‘x' becomes of paramount importance
so as to determine the value of deflection of beam subjected to a given loading.

Construction of shear force and bending moment diagrams:

A shear force diagram can be constructed from the loading diagram of the beam. In order to
draw this, first the reactions must be determined always. Then the vertical components of forces
and reactions are successively summed from the left end of the beam to preserve the
mathematical sign conventions adopted. The shear at a section is simply equal to the sum of all
the vertical forces to the left of the section.

When the successive summation process is used, the shear force diagram should end up with
the previously calculated shear (reaction at right end of the beam. No shear force acts through
the beam just beyond the last vertical force or reaction. If the shear force diagram closes in this
fashion, then it gives an important check on mathematical calculations.

The bending moment diagram is obtained by proceeding continuously along the length of beam
from the left hand end and summing up the areas of shear force diagrams giving due regard to
sign. The process of obtaining the moment diagram from the shear force diagram by summation
is exactly the same as that for drawing shear force diagram from load diagram.

It may also be observed that a constant shear force produces a uniform change in the bending
moment, resulting in straight line in the moment diagram. If no shear force exists along a certain
portion of a beam, then it indicates that there is no change in moment takes place. It may also
further observe that dm/dx= F therefore, from the fundamental theorem of calculus the
maximum or minimum moment occurs where the shear is zero. In order to check the validity
of the bending moment diagram, the terminal conditions for the moment must be satisfied. If
the end is free or pinned, the computed sum must be equal to zero. If the end is built in, the



moment computed by the summation must be equal to the one calculated initially for the
reaction. These conditions must always be satisfied.

Simply supported beam subjected to a central load (i.e. load acting at the mid-way)

— st >

. B

By symmetry the reactions at the two supports would be W/2 and W/2. now consider any
section X-X from the left end then, the beam is under the action of following forces.

Y

w

w W
/2 A

.So the shear force at any X-section would be = W/2 [Which is constant upto x < 1/2]

If we consider another section Y-Y which is beyond I/2 then

S Fry ==
A 2 for all values greater = 1/2

Hence S.F diagram can be plotted as,

S

S.F.Diagram

),

N

.For B.M diagram:

If we just take the moments to the left of the cross-section,
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It may be observed that at the point of application of load there is an abrupt change in the
shear force, at this point the B.M is maximum.

A cantilever beam subjected to U.d.L, draw S.F and B.M diagram.

w | length

i
l'-
‘nl, X

Here the cantilever beam is subjected to a uniformly distributed load whose intensity is given
w / length.

Consider any cross-section XX which is at a distance of x from the free end. If we just take
the resultant of all the forces on the left of the X-section, then

S.Fxx = -Wx for all values of ‘x' ------------ (1)

S.Fxx =0



S.Fxxatx=1 = -WI

So if we just plot the equation No. (1), then it will give a straight line relation. Bending
Moment at X-X is obtained by treating the load to the left of X-X as a concentrated load of
the same value acting through the centre of gravity.

Therefore, the bending moment at any cross-section X-X is

By, = - W x ;

The above equation is a quadratic in x, when B.M is plotted against x this will produces a
parabolic variation.

The extreme values of this would be at x =0and x = |

Wl
By ==~ B

Hence S.F and B.M diagram can be plotted as follows:

X
-— X w | length

V.

SF |.wm

B.M |-WPE
% 2

Simply supported beam subjected to a uniformly distributed load [U.D.L].

Wi, Wi,
2|, X o 2

The total load carried by the span would be



= intensity of loading x length

=wx |

By symmetry the reactions at the end supports are each wl/2

If X is the distance of the section considered from the left hand end of the beam.

S.F at any X-section X-X is

_w
2

)

Giving a straight relation, having a slope equal to the rate of loading or intensity
of the loading.

- Wy

S Fge=n =%I - WY

soat

o.F | =0hencethe 5 Fis zeroatthe centre
atu= -
E
W
S Fae=r = =

The bending moment at the section x is found by treating the distributed load as
acting at its centre of gravity, which at a distance of x/2 from the section

X

wi /? ¥ W

B, . ,=0
BM,, ., =0

Wiyl
BMgy=1=-——

So the equation (2) when plotted against x gives rise to a parabolic curve and
the shear force and bending moment can be drawn in the following way will
appear as follows:
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5. Couple.

When the beam is subjected to couple, the shear force and Bending moment diagrams may be
drawn exactly in the same fashion as discussed earlier.

A haN B
b | 3 |
R a - hﬁ? EIMa=0
I R:*L+M =0
- — R.'=-M/L
SF Ri#Rz2=0
S — ! R =M/L
+M -M
% X

Simple Bending Theory OR Theory of Flexure for Initially Straight Beams

(The normal stress due to bending are called flexure stresses)

Preamble:

When a beam having an arbitrary cross section is subjected to a transverse loads the beam
will bend. In addition to bending the other effects such as twisting and buckling may occur,
and to investigate a problem that includes all the combined effects of bending, twisting and
buckling could become a complicated one. Thus we are interested to investigate the bending
effects alone, in order to do so, we have to put certain constraints on the geometry of the
beam and the manner of loading.

Assumptions:

The constraints put on the geometry would form the assumptions:

1. Beam is initially straight , and has a constant cross-section.



2. Beam is made of homogeneous material and the beam has a longitudinal plane of
symmetry.

3. Resultant of the applied loads lies in the plane of symmetry.

4. The geometry of the overall member is such that bending not buckling is the primary cause
of failure.

5. Elastic limit is nowhere exceeded and ‘E' is same in tension and compression.

6. Plane cross - sections remains plane before and after bending.

Netural Surface

Fig 1(a)

X

Fig 1({b)

Let us consider a beam initially unstressed as shown in fig 1(a). Now the beam is subjected to
a constant bending moment (i.e. ‘Zero Shearing Force') along its length as would be obtained
by applying equal couples at each end. The beam will bend to the radius R as shown in Fig
1(b)

As a result of this bending, the top fibers of the beam will be subjected to tension and the
bottom to compression it is reasonable to suppose, therefore, that some where between the
two there are points at which the stress is zero. The locus of all such points is known as
neutral axis . The radius of curvature R is then measured to this axis. For symmetrical
sections the N. A. is the axis of symmetry but what ever the section N. A. will always pass
through the centre of the area or centroid.

The above restrictions have been taken so as to eliminate the possibility of "twisting" of
the beam.

Concept of pure bending:

Loading restrictions:

As we are aware of the fact internal reactions developed on any cross-section of a beam may
consists of a resultant normal force, a resultant shear force and a resultant couple. In order to
ensure that the bending effects alone are investigated, we shall put a constraint on the loading
such that the resultant normal and the resultant shear forces are zero on any cross-section
perpendicular to the longitudinal axis of the member,

That means F=0



aM _ - _
since dx or M = constant.

Thus, the zero shear force means that the bending moment is constant or the bending is same
at every cross-section of the beam. Such a situation may be visualized or envisaged when the
beam or some portion of the beam, as been loaded only by pure couples at its ends. It must be
recalled that the couples are assumed to be loaded in the plane of symmetry.

< ——Beam

Plane of Symmetry

Fig (1)

Fig (2)

When a member is loaded in such a fashion it is said to be in pure bending.

Bending Stresses in Beams or Derivation of Elastic Flexural formula :

In order to compute the value of bending stresses developed in a loaded beam, let us consider
the two cross-sections of a beam HE and GF , originally parallel as shown in fig 1(a).when
the beam is to bend it is assumed that these sections remain parallel i.e. H'E' and G'F" , the
final position of the sections, are still straight lines, they then subtend some angle .

Consider now fiber AB in the material, at adistance y from the N.A, when the beam bends
this will stretch to A'B'

Therefore,

change inlength
orginal length

strain in fibre A8 =

~AB -~ A8 ButAB = CDandCD =C'D'
A
refer tofigl{a) andfigl(hb)
.strain = M
co

Since CD and C'D' are on the neutral axis and it is assumed that the Stress on the neutral axis
zero. Therefore, there won't be any strain on the neutral axis



(R+y)8-RA _ RB+yB-RB _
RA RA R
stress
strain

Therefare equating the twaostrains as

However =E  whereE=Young'sModulus of elasticity

obtained framthe tworelationsi.e,

K
. T N.A

Consider any arbitrary a cross-section of beam, as shown above now the strain on a fibre at a
distance ‘y' from the N.A, is given by the expression

U:E
ﬁ}“

if the shaded stripis of area'dd’
thenthe force onthe strip is

F=o6A=Cy 64
R

Moment about the neutralaxiswould be =F .y =g wlEa

The toatl mament far the whale
cross-section istherefore equal to

_=E % sn_ E= 2
M =% — Ga = — G,
ERF RE}*

2
Now the termZ ¥ 8 js the property of the material and is called as a second moment of area
of the cross-section and is denoted by a symbol I.

Therefore
E
hl == |
i @
comhbining equation 1 and 2 we get
ag_M_E
y 1T R

This equation is known as the Bending Theory Equation. The above proof has involved the
assumption of pure bending without any shear force being present. Therefore this termed as the
pure bending equation. This equation gives distribution of stresses which are normal to cross-
section i.e. in x-direction.



Shearing Stresses in Beams

All the theory which has been discussed earlier, while we discussed the bending stresses in
beams was for the case of pure bending i.e. constant bending moment acts along the entire
length of the beam.

+P

Let us consider the beam AB transversely loaded as shown in the figure above. Together with
shear force and bending moment diagrams we note that the middle potion CD of the beam is
free from shear force and that its bending moment. M = P.a is uniform between the portion C
and D. This condition is called the pure bending condition.

Since shear force and bending moment are related to each other F= dM/dX (eq) therefore if the
shear force changes than there will be a change in the bending moment also, and then this won't
be the pure bending.

Conclusions :

Hence one can conclude from the pure bending theory was that the shear force at each X-
section is zero and the normal stresses due to bending are the only ones produced.

In the case of non-uniform bending of a beam where the bending moment varies from one X-

section to another, there is a shearing force on each X-section and shearing stresses are also

induced in the material. The deformation associated with those shearing stresses causes

warping “ of the x-section so that the assumption which we assummed while deriving the
g M _E

relation ¥ R that the plane cross-section after bending remains plane is violated. Now due
to warping the plane cross=section before bending do not remain plane after bending. This
complicates the problem but more elaborate analysis shows that the normal stresses due to

bending, as calculated from the equation *



The above equation gives the distribution of stresses which are normal to the cross-section that
is in x-direction or along the span of the beam are not greatly altered by the presence of these
shearing stresses. Thus, it is justifiable to use the theory of pure bending in the case of non
uniform bending and it is accepted practice to do so.

Let us study the shear stresses in the beams.

Concept of Shear Stresses in Beams :

By the earlier discussion we have seen that the bending moment represents the resultant of
certain linear distribution of normal stresses x aver the cross-section. Similarly, the shear force

Fx over any cross-section must be the resultant of a certain distribution of shear stresses.

Derivation of equation for shearing stress :

Resultant stresses (this side is more as

compared to the other side)

e;

6;; ______ —_——+do dA

— N = This is the small —

Nl o = element over which

{ -
7‘ F T_;;; Y Yo /'s A the stresses acts
= = % =
K v F+6F}
M N
M+3M Z = width of the
A A X- section
section 1 ‘ section 2

Resisting shear stress.

Assumptions :
1. Stress is uniform across the width (i.e. parallel to the neutral axis)
2. The presence of the shear stress does not affect the distribution of normal bending stresses.

It may be noted that the assumption no.2 cannot be rigidly true as the existence of shear stress
will cause a distortion of transverse planes, which will no longer remain plane.

In the above figure let us consider the two transverse sections which are at a
distance ¢ ox' apart. The shearing forces and bending moments being F, F + 6F and M, M
+ M respectively. Now due to the shear stress on transverse planes there will be a
complementary shear stress on longitudinal planes parallel to the neutral axis.

Let T be the value of the complementary shear stress (and hence the transverse shear stress) at
a distance “Y'o from the neutral axis. Z is the width of the x-section at this position

A is area of cross-section cut-off by a line parallel to the neutral axis.

¥ = distance of the centroid of Area from the neutral axis.



Let 6, 6+ do are the normal stresses on an element of area A at the two transverse sections,
then there is a difference of longitudinal forces equal to ( de . dA) , and this quantity summed
over the area A is in equilibrium with the transverse shear stression the longitudinal plane of
areaz ox.

e Tzhy= Ida.dﬂa
from the bending theory equation
a _

(M + 6M) .y
|

Thus thc:r:m:—'Elf

g +dg =

The figure shown below indicates the pictorial representation of the part.

(o+=dc)dA

(Pictorial representation
of entire part)

do = Shy
I
T.Zh%= ,[dcr.dﬂa
_ .[ Bh .y BA

I
T.Z0% = $ ,[y.ﬂﬂa

_ &l
I

=D T= i,[y.ﬁﬂx
l.z

But F

But from definition, ] y.dA = Ay

Iy.ds‘-‘x is the first moment of area of the shaded portion
and ¥ =centroid of the area'a’
Hence
;= BAY
So substituting l.z




Where ‘Z' is the actual width of the section at the position where ‘0t ' is being calculated and I
is the total moment of inertia about the neutral axis.

Bending of Composite or Flitched Beams:

A composite beam is defined as the one which is constructed from a combination of materials.
If such a beam is formed by rigidly bolting together two timber joists and a reinforcing steel
plate, then it is termed as a flitched beam.

The bending theory is valid when a constant value of Young's modulus applies across a section
it cannot be used directly to solve the composite-beam problems where two different materials,
and therefore different values of E, exists. The method of solution in such a case is to replace
one of the materials by an equivalent section of the other.

Steel steel is replaced
by an equivalent

|/ I area of \\!)(\ll
/// ¥ dy __¥9 \ i

) by a y

7,

‘7
I
wood

| .
—’itL— - ! N

Composite Section Equivalent Section

Consider, a beam as shown in figure in which a steel plate is held centrally in an appropriate
recess/pocket between two blocks of wood .Here it is convenient to replace the steel by an
equivalent area of wood, retaining the same bending strength. i.e. the moment at any section
must be the same in the equivalent section as in the original section so that the force at any
given dy in the equivalent beam must be equal to that at the strip it replaces.

ot =o't or il=t—
a ot

recallingo = E.z

Thus
sEt=zE t
Again, for true similarity the strains must be equal,
g=:orEt=E t or _E,=t_
E
Thus, tl=—Er.t
E

Hence to replace a steel strip by an equivalent wooden strip the thickness must be multiplied
by the modular ratio E/E".

The equivalent section is then one of the same materials throughout and the simple bending
theory applies. The stress in the wooden part of the original beam is found directly and that in
the steel found from the value at the same point in the equivalent material as follows by utilizing
the given relations.



Stress in steel = modular ratio x stress in equivalent wood

The above procedure of course is not limited to the two materials treated above but applies well
for any material combination. The wood and steel flitched beam was nearly chosen as a just
for the sake of convenience.

Assumption

In order to analyze the behavior of composite beams, we first make the assumption that the
materials are bonded rigidly together so that there can be no relative axial movement between
them. This means that all the assumptions, which were valid for homogenous beams are valid
except the one assumption that is no longer valid is that the Young's Modulus is the same
throughout the beam.

The composite beams need not be made up of horizontal layers of materials as in the earlier
example. For instance, a beam might have stiffening plates as shown in the figure below.

s RRIK X XXXX
X XX XX

Concrete, E,

Again, the equivalent beam of the main beam material can be formed by scaling the breadth of
the plate material in proportion to modular ratio. Bearing in mind that the strain at any level is
same in both materials, the bending stresses in them are in proportion to the Young's modulus.

bt |
[
E1

R

L |

A
v

b1+2b2E2/E1



A cantilever 6m long carries load of 30, 70, 40 and 60KN at a distance of 0, 0.6, 1.5 and 2.4m
respectively from the free end. Draw the shear force and bending moment diagrams for the
cantilever beam

Solution: 60kN 40kN 70 kN 30 kN
SF calculation: i
A B _IC D IE
SFatE = 30kN % 0.6m
1.5m
SFatD = 30+ 70 24m
6m
= 100 kN 200kN | (@)
SFatC = 100+ 40 4140 kN
100 kN
= 140 kN Ve
4 30 kN
SFatB = 140+6O S ZL
A B |c D |E
= 200 kN (b)
SFatA = 200 kN & I -
yy 18 kN-m
Join all .the values by —ve ?99?08 s
straight horizontal line as \ A
shown in Fig.(b).
BM calculation: (c) BMD
BMatE = 0 SRR
BMatD = -30x0.6 = — 18 kN-m
BMatC = -30x1.5-70x0.9 = —108 kN-m
BMatB = -30x24-70x1.8-40x09= —234 kN-m
BMatA = —30x6—70x5.4-40x4.5-60x 3.6
= —954 kN-m
Join all the values by straight inclined lines as shown in

Fig. (¢).
Result: The SFD and BMD are as shown in
Fig (b) & (c) respectively.

In this there is an abrupt change of loading beyond a certain point thus, we shall have to be
careful at the jumps and the discontinuities.

6000N
400N/m 1

f Y Y YYYY

e

8m =a 8m =

Rz

R1

For the given problem, the values of reactions can be determined as

R2 = 3800N and R1 = 5400N



The shear force and bending moment diagrams can be drawn by considering the X-sections at

the suitable locations.
5400N
2200N

3800N SFD

2" degree
polynomial
since there is
audl in this
portion.

| B.MD

A simply supported beam of rectangular cross section 60 x 35 mm and 3m long carrying a load
of 5KN at mid span. Determine the maximum bending stress induced in the beam.

Given:
5kN
Simply supported beam,
Breadth, b = 60 mm A B

Height, # = 35 mm L | 1.5m
Length,/ = 3m 3m
Load, W = 5kN Ra ;

To find: Maximum bending stress, o, .

© Solution:

Bending moment, M at centre:

Taking moment about A,

Rex3m = 5x1.5
7.5
Re = 3 = 25m
R, +Re = 5kN
Ry, = 5-25=25kN

Taking moment about B,
M

RexL5
2:5%1.5

3.75 kN-m

3.75 x 10 N-mm

Il

]

I

Moment of inertia
for rectangular [ |
section,

b3 60 x 353
12 = AR

214375 mm?*



Maximum bending stress will occur at centre of the height
of the beam
35
O R 17.5 mm

From the theory of simple bending equation

M _% M
- y = 0, = 1 XY
3.75 x 106

306.12 N/mm?
306.12 N/mm?2

Il

Result:
Maximum bending stress, 6,,,,. = 306.12 N/mm?

UNIT-I11
TORSION
3.1 Torsion of Circular Shafts

a. Simplifying assumptions

During the deformation, the cross sections are not distorted in any manner they remain
plane, and the radius r does not change. In addition, the length L of the shaft remains constant.

Figure 3.1

Deformation of a circular shaft caused by the torque T. The initially straight line AB deforms
into a helix.

Based on these observations, we make the following

Assumptions:

« Circular cross sections remain plane (do not warp) and perpendicular to the axis of the shaft.
+ Cross sections do not deform (there is no strain in the plane of the cross section).

+ The distances between cross sections do not change (the axial normal strain is zero).



Each cross section rotates as a rigid entity about the axis of the shaft. Although this conclusion
is based on the observed deformation of a cylindrical shaft carrying a constant internal torque,



we assume that the result remains valid even if the diameter of the shaft or the internal torque
varies along the length of the shaft.

b. Compatibility

Because the cross sections are separated by an infinitesimal distance, the difference in
their rotations, denoted by the angle do, is also infinitesimal.

As the cross sections undergo the relative rotation do, CD deforms into the helix CD.
By observing the distortion of the shaded element, we recognize that the helix angle yis the
shear strain of the element.

(a)

From the geometry of Fig.3.2(a), we obtain DD’= p df=ydx , from which the shear strain vy is
(3.1)
do
Y =3zP
The quantity do/dx is the angle of twist per unit length, where 6 is expressed in radians. The
corresponding shear stress, illustrated in Fig. 3.2 (b), is determined from Hooke"s law:
(32) do

r=Gy=GaP

strain of a material element caused by twisting of the shaft;
(b) the corresponding shear stress.

the shear stress varies linearly with the radial distance p from the axial of the shaft.



de
=Gy =G—
r 4 de

The variation of the shear stress acting on the cross section is illustrated in Fig. 3.3. The
maximum shear stress, denoted by
Tmax , OCCUrS at the surface of the shaft.

Note that the above derivations assume neither a constant internal torque nor a constant cross

section along the length of the shaft.

Figure 3.3 Distribution of shear stress along the radius of a circular shaft.

Tmax

Fig. 3.4 shows a cross section of the shaft containing a differential element of area dA loaded
at the radial distance p from the axis of the shaft.

dP =1 dA
dA
Area= A

Figure 3.4 Calculating the Resultant of the shear stress acting on the cross section.
Resultant is a couple equal to the internal torque T.



The shear force acting on this area is dP = tdA = G (d6/dx) p dA, directed perpendicular
to the radius. Hence, the moment (torque) of dP about the center o is p dP = G (d6/dx) p dA.
Summing the contributions and equating the result to the internal torque yields.

[pdP =T

do
G__ [pdA=T
dx
Recognizing that is the polar moment of inertia of the crosssectional area, we can write this
equation as G (d6/dx) J =T, or
dag T

dx G

The rotation of the cross section at the free end of the shaft, called the angle of twist 0 , is
obtained by integration:

L
o=do=["T ax
0 0 GJ

As in the case of a prismatic bar carrying a constant torque, then reduces the torque-twist
relationship
TL
0 =—
GJ

G (do/dx) = T/J , which substitution into Eq. (3.2), "

r=Gy=0GaG %P
gives the shear stress t acting at the distance p from the center of the shaft, Torsion formulas
Tp
r=—

The maximum shear stress tmax is found by replacing p by the radius r of the shaft:
Tr

Tmax = 7
Because Hooks law was used in the derivation of Egs. (3.2)- (3.5), these formulas are valid if
the shear stresses do not exceed the proportional limit of the material shear. Furthermore, these
formulas are applicable only to circular shafts, either solid or hollow.

The expressions for the polar moments of circular areas are
Solid shaft

_ 2T 16T
Tmax = 23 = 113

Hollow shaft

2T 16T
TR —1%  n(D*— d%)

rmax -




Hollow shaft
Solid shaft

[ d >| < d >|
4 4 4 o g
_nrt _nd T 4 _ T A
of =2 > 22 J 2(R %) 32(D d?)

Figure 3.6 Polar moments of inertia of circular areas.

Shafts are used to transmit power. The power  transmitted by a torque T rotating at the angular
speed o is given by { =T o,
where o is measured in radians per unit time.

If the shaft is rotating with a frequency of f revolutions per unit time, then @ = 2z f , which
gives { =T (2n f). Therefore, the torque can be expressed as

Composite shafts: (in series)

If two or more shaft of different material, diameter or basic forms are connected together in
such a way that each carries the same torque, then the shafts are said to be connected in series
& the composite shaft so produced is therefore termed as series — connected.

A o

Here in this case the equilibrium of the shaft requires that the torque ‘T' be the same through
out both the parts.

In such cases the composite shaft strength is treated by considering each component shaft
separately, applying the torsion — theory to each in turn. The composite shaft will therefore be
as weak as its weakest component. If relative dimensions of the various parts are required then
a solution is usually effected by equating the torque in each shaft e.g. for two shafts in series

_ Gy _Galaty

T
Ly Ly

In some applications it is convenient to ensure that the angle of twist in each shaft are equal
b L

i.e. 1= [2, so that for similar materials in each shaft L L Ly 4

The total angle of twist at the free end must be the sum of angles 1 =



Composite shaft parallel connection: If two or more shafts are rigidly fixed together such
that the applied torque is shared between them then the composite shaft so formed is said to be
connected in parallel.

Fixed
end

For parallel connection.
Total Torque T=T1+ T2

b o Tk
In this case the angle of twist for each portion are equal and Gy Gy
T = Gih
GE"IE

for equal lengths(as is normaly the case for parallel shafts) T2

This type of configuration is statically indeterminate, because we do not know how the applied
torque is apportioned to each segment, To deal such type of problem the procedure is exactly
the same as we have discussed earlier,

Thus two equations are obtained in terms of the torques in each part of the composite shaft and
the maximun shear stress in each part can then be found from the relations.

-1
-2

T

T

A solid circular shaft is required transmit 95kW at 150rpm. Find out the diameter of the shaft
if permissible shear stress is 60MPa and angle of twist is 0.3° per meter length. Take C= 1 x
10° N/mm?,
Given Data

P=agskww

N = 1607pm

G =02 xE . coxg vad
%0 - 5.2X\0

X =\ M
T = 60MPa = 60N/mmE

C =) )R\DB Nfmm >



soln .

P= 2TNT
6o
s . 2w X150XT
| 60
L-OA WN-M = 6:0a X10® y-mm

T

|

cage 1) (engidoay sho Sbugs x>

TzX . .zad>

16
6'OAX\D6 s ,l% ¥ 60 X2°
[o = gomnm

coge W Censidovng  angle of bmisl;(G)

T _ O
9 0
b - .3
_6-0AX1D X0° x5 2X10
= S
o ok A 1000

l‘;)': |04.9.mmj

suable  diuameld & 10& 02mm

A hollow shaft with diameter ratio 3/5 is required transmit 450 kW at 120rpm. The shearing
stress in the shaft must not exceed 60 N/mm?and the twist in a length of 2.5 m is not to exceed
1°. Calculate the minimum external diameter of the shaft. C= 80 N/mm?2.

Given Data
D = ABO KW [ 2 2 D=lbbd
N =120 P = oS 04D

< = ho NJmm*
L=2s8m= 250 0O

@:\“x%o = 0’01745

c = 80N)mm*>



2ol

- 2 WNT

P 60
kB = 2T AZ0 AT

6o
T= 35.80 kv-m. = 36'80)\\06N—m’m
o M FTw T, ph _ 4l
Ib D
I
35 .80x10° - 31'% x 60 - Db"—%bp)

D -1s|.70mm

3 L
23%- 80)(\06 80X 0 ‘0ONAS
—fij h_ Al - 2500
39/(D )

D = G380:68mm

culpble Alamwli D =2930-68 mm
A = 558408 mm

A hollow shaft having an inside diameter 60% of its outer diameter, is to replace a solid shaft

transmitting in the same power at the same speed. Calculate percentage saving in material, if

the material to be is also the same.
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Design a suitable diameter for a shaft required to transmit 120KW at 180 rpm. The shear stress
in the shaft not to exceed 70N/mm? and the maximum torque exceeds the mean by 40%.

Calculate the angle of twist in a length of 2m. Take C= 0.8 x 10° N/mm?.

Given data: P = 120kW
N = 180 rpm
T = 70 N/mm?
I = 2m=2000 mm
Thax = 14 Toean

C = 0.8 x 105 N/mm?



To find: Angle of twist (0)
©Solution: We know that,

2TNT
Power, P = 60
2xmtx 180 xT
120 = 60
T = 6.36 kN-m
= 6.36 x 103 N-m

= 6.36 x 106 N-mm
T = T, =6.36 x 106 N-mm

We know that,

= 14T, can=1.4x6.36x 106

max mean

= 8.912 x 10® N-mm

max

We know that,

T
S 3
Torque, T 16 xTxD

n
6 = o aprns
891 x 10 16

| Shaft diameter, D = 86.54 mm |

x 70 x D3

Consider angle of twist,
) Co
T =7 sti(L)

Where, J (polar moment of inertia) = ;—2 (D)*

8912x10¢ 0.8x105x6

= = = 72000
37 X D4
8.912x 105 _ 0.8x105x0
3"—2 x (86.54)4 250
= |6 = 0.040 rad |

6 = 0.040 x lft—o = 2.3

| Angle of twist, 0 = 2.3°]
Result: Angle of twist, 6 = 2.3°




Stresses in Helical Springs of Circular
Wire

W

+

D = Mean diameter of the spring coil,

w
d = Diameter of the spring wire, - f 2 pr—
n = Number of active coils, P ! Z;j j |

“ N
G = Modulus of rigidity for the spring ‘;‘/ | @ J |
material, b 1
: . s i @ Lz T
W = Axial load on the spring, «———=2 i/) )
T = Maximum shear stress induced in the ' ‘t - ) »
wire, o et o W
C = Spring index = D/d, , s " (b) Free body diagram showing that wire
p = Pitch of the coils, and A ASIIR IO o e :; \uhi:';:cd to torsional shear and a
Irect shear.
6 = Deflection of the spring, as a result of an ——
axial load W.
The elongation of the bar is
5 64WR3n
cd+

Notice that the deformation & is directly proportional to the applied load P. The ratio of P
to & is called the spring constant k and is equal to
w cd+
K=% ~6amm

6

Springs in Series

For two or more springs with spring laid in series, the resulting spring constant k is given by

7

Springs in Parallel

For two or more springs in parallel, the resulting spring constant is



A close coiled helical spring is to have a stiffness of 1.5 N/mm of compression under a
maximum load of 60 N and maximum shearing stress of 125 N/mm?. The solid length of the

spring (ie., when the coils are touching) is to be 50 mm. Find the diameter of the wire, mean

diameter of the coil and no. of coil required. Take C= 4.5x10* N/mm?.
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n = lA-62 =15
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32 -T2 mm
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OR

Derive the relation for deflection of a closely coiled helical spring subjected to an axial
downward load W.
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A closely coiled helical spring of mean diameter 20cm is made of 3cm diameter rod and has
16 turns. A weight of 3kN is dropped on this spring. Find the height by which the weight should

be dropped before striking the spring so that the spring may be compressed by 18cm. Take C=
8 x 10* N/mm?.
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In open coiled helical spring consists of 12 coils, the stress due to bending and twisting are 75

MPa and 92 MPa respectively. When the spring is axially loaded, find the maximum
permissible load and diameter of wire for a maximum extension of 25mm. Assume spring index

as 9. Take E =210 GPa and C = 80GPa.
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A closed coil helical spring made out of 8mm diameter wire has 18 coils. Each coil is of 80mm
mean diameter. If the maximum allowable stress in the spring is 140Mpa, determine the
allowable load on the spring, elongation of the spring and stiffness of the spring. Take C = 82

140 Mpa = 140 x 106 N/m2 = 140 N/mm?

KN/mm?
Given data:.
d = 8§ mm
n =18
D = 80 mm
T =
C = 82 kN/mm? = 82 x 103 N/mm?
To find: (i) W
(i) &
@#i) K

©Solution: We know that shear stress of the closed coil

helical spring
8§ WD
Cond’
8 x W x 80
7 (8)3

140 =

LW = 3 x 80

Deflection of the spring
8WD3n

8 = T Ca

140 x Tt x 83

= 351.86 N



_ 8x351.86 x 80°x 18

82 x 103 x 84 =77.24 mm
Stiffness of the spring
W
=5
351.86
= 0 = 4.55 N/mm
Result:
Allowable load on the spring, W = 351.86 N
Deflection of the spring, § = 77.24 mm

Stiffness of the spring, K = 4.55 N/mm

A laminated spring carries a central load of 5200N and it is made of ‘n’ number of
plates,80mm wide, 7mm thick and length 500mm. Find the number of plates, if the
maximum deflection is 100mm. Let E = 2x10°N/mm

Given:

W=5200N

b=80mm

t=7/mm

L=500mm

d=10mm

E = 2x10:N/mm

w.k.t stress,

3wl
T = Inbt?
_ 3x5200x500x10-2
T TnxBOx10-3(7x10-7)2
094.89x 105
F = e

n

The equation for deflection 1s,

. al?
~ 4Et
& 332
10x10-3 = 994 89x10%(500x 10~

nxdx2x1011x7x10-3

_ 0094 89x lﬂbx{S 00x 1{!'3}2
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UNIT-1V

DEFLECTION OF BEAMS

Deflection of Beams
Introduction:

In all practical engineering applications, when we use the different components, normally we
have to operate them within the certain limits i.e. the constraints are placed on the performance
and behavior of the components. For instance we say that the particular component is supposed
to operate within this value of stress and the deflection of the component should not exceed
beyond a particular value.

In some problems the maximum stress however, may not be a strict or severe condition but
there may be the deflection which is the more rigid condition under operation. It is obvious
therefore to study the methods by which we can predict the deflection of members under lateral
loads or transverse loads, since it is this form of loading which will generally produce the
greatest deflection of beams.

Assumption: The following assumptions are undertaken in order to derive a differential
equation of elastic curve for the loaded beam

1. Stress is proportional to strain i.e. hooks law applies. Thus, the equation is valid only for
beams that are not stressed beyond the elastic limit.

2. The curvature is always small.

3. Any deflection resulting from the shear deformation of the material or shear stresses is
neglected.

It can be shown that the deflections due to shear deformations are usually small and hence can
be ignored.

>(Iy
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Consider a beam AB which is initially straight and horizontal when unloaded. If under the
action of loads the beam deflect to a position A'B' under load or infact we say that the axis of
the beam bends to a shape A'B'. It is customary to call A'B' the curved axis of the beam as the
elastic line or deflection curve.

In the case of a beam bent by transverse loads acting in a plane of symmetry, the bending
moment M varies along the length of the beam and we represent the variation of bending
moment in B.M diagram. Futher, it is assumed that the simple bending theory equation holds
good.
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If we look at the elastic line or the deflection curve, this is obvious that the curvature at every
point is different; hence the slope is different at different points.

To express the deflected shape of the beam in rectangular co-ordinates let us take two axes x
and y, x-axis coincide with the original straight axis of the beam and the y — axis shows the
deflection.

Futher,let us consider an element ds of the deflected beam. At the ends of this element let us
construct the normal which intersect at point O denoting the angle between these two normal
be di

But for the deflected shape of the beam the slope i at any point C is defined,

tani=d—3'f e N ar i=d—3'r Assuming tani =i

dx dx
Futher

ds=Rdi

hionwe e er

ds = dx [usually for smallcury ature]
Hence

ds = dx = Rdi

di _ 1

dx R
substitutingthevalueofi, one get

d f dy =1md2y=1
deldx)] R af R

Fromthe simplebendingtheary

ar

M_E El
— = _arh==
TR R
sothe basic differentialequation governingthe deflectionofbe amsis
dfy
W=El
di?

This is the differential equation of the elastic line for a beam subjected to bending in the plane
of symmetry. Its solution y = f(x) defines the shape of the elastic line or the deflection curve as
it is frequently called.

Relationship between shear force, bending moment and deflection: The relationship among
shear force,bending moment and deflection of the beam may be obtained as

Differentiating the equation as derived
3

aM_g 9

dx  d’

Thus,

&y

T

Re calling TM=F
dx

F=El

Therefore, the above expression represents the shear force whereas rate of intensity of loading
can also be found out by differentiating the expression for shear force



Therefare if 'y'isthe deflection of the loadedbe am,
thenthefollowingimportantrelationscanbearrivedat

slope =%

B.M=EI$
shearforce = EI%
loaddistribution = Elj;'-f_

Methods for finding the deflection: The deflection of the loaded beam can be obtained
various methods. The one of the method for finding the deflection of the beam is the direct
integration method, i.e. the method using the differential equation which we have derived.

Direct integration method: The governing differential equation is defined as

dy oM _ dy
T =T

M = El
onintegrating one get,
9 - Igdx +A----thisequation gives the slope

dx
of theloaded beam.

Integrate once againto get the deflection.

y:”gdx+ﬂ«}{+5

Where A and B are constants of integration to be evaluated from the known conditions of slope
and deflections for the particular value of x.

Ilustrative examples : let us consider few illustrative examples to have a familiarty with the
direct integration method

Case 1: Cantilever Beam with Concentrated Load at the end:- A cantilever beam is subjected
to a concentrated load W at the free end, it is required to determine the deflection of the beam

4

In order to solve this problem, consider any X-section X-X located at a distance x from the left
end or the reference, and write down the expressions for the shear force abd the bending
moment



SF),_, = W
BM|,_, = -W.x

Therefore M|_, = -W.x
2

the gaverming equation g = ddT}

substituting the value of M interms of x then integrating the equation one get

M _ d'y
ERrTd

dhy __ Wix
4t E

iy Wiy
—t=-_"d
deﬂ J et

dy _ Wil
A =-_" 4+ A

dx  2El

Integrating ancemare,
dy Wy
—=f-—du+]Ad
Idx / 1= J mx

3
¥ = W +Ax+B
GEI

The constants A and B are required to be found out by utilizing the boundary conditions as
defined below

ieatx=L;y=0 Q)

atx=L;dy/dx=0 (2)

Utilizing the second condition, the value of constant A is obtained as

_wf
- RN
YWhile ernploying the first condition yields
Wy
Y= —E+AL +B
g WL
BEI
Wl
~BEl ZE
Cwil? -gwl? 2wl
T EEI ~ TEBEI
L
- 3R

substituting the values of A and Bwe get
F:1_yw3+wfx_wﬁl
Ell EBEI  2EI  3EI
The slope aswell asthe deflection waould be
maximum at the free end hence putting x=0 we get,

W

Yorax =~ KI=N

2
—,
[Slnpe]maxrn _+E




Case 2: A Cantilever with Uniformly distributed Loads:- In this case the cantilever beam is

subjected to U.D.L with rate of intensity varying w / length. The same procedure can also be
adopted in this case

IX
I
X I
x=0 | & x=L
X
- >
SF|,_, = -w
2
Eihf1|xx=—wx—=w[?]
M o_ dhy
ST
dzy: Wt
e 2El
dy i
=]- i
IE—’ 2El
dy:_wx3
dx  BEl
dy Wi
A=) - dx+ ) Ad
'[d:{ J 5ET Jmax
El
WK
=- +Ax+B
2aE1

Boundary conditions relevant to the problem are as follows:
1. Atx=L;y=0
2. Atx=L;dy/dx =0

The second boundary conditions yields

3
W
A=t
BEI
whereasthe first houndary conditions yields
_ wltowl
24El  GEI
vt
gEl
T ow® wl®x wl®
Th =—|- + -
EITEl I TR e I

30 ¥ iam willbe at % =0

_ wl?
¥rmaxm ﬁ

u:h,r] =I.I'I.IL3
& g™ GEI




Case 3: Simply Supported beam with uniformly distributed Loads:- In this case a simply
supported beam is subjected to a uniformly distributed load whose rate of intensity varies as w
/ length.

g w /length

G

o

o 4

1 o

=

NI
|

g

In order to write down the expression for bending moment consider any cross-section at
distance of x metre from left end support.

~|
=

b=

I
5 F| =w[§]-w.}{

(i

el i
P
The differential equation which gives the elastic curve for the deflected beam is
d'y _M_ 1 [wl.}{_ﬂ}

& B EILZ 2
dy _ [ wlx W
—= = —dx- | —dx+A
dx I2E| * I2E| *
2 3
b _wd
4El  BEI
Integrating,once more one gets
wlie? e
=iy = R A (M

Boundary conditions which are relevant in this case are that the deflection at each support must
be zero.

le.atx=0;y=0:atx=1y=0

let us apply these two boundary conditions on equation (1) because the boundary conditions
are ony, This yields B = 0.
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oo the equationwhich gives the deflection curve is
] IWL}{3 i WLE}{I

=1 T

Futher

In this case the maximum deflection will occur at the centre of the beam where x = L/2 [ i.e. at
the position where the load is being applied ].So if we substitute the value of x = L/2

e Uk e

Syt

Y™ = " 3EAEN

Conclusions
(1) The value of the slope at the position where the deflection is maximum would be zero.
(i) The value of maximum deflection would be at the centre i.e. at x = L/2.

The final equation which is governs the deflection of the loaded beam in this case is

_ 1 wl®  w wlx
Elf 12 724 24

By successive differentiation one can find the relations for slope, bending moment, shear force
and rate of loading.

Deflection (y)

JEl= IWL}{3 et wl

-SWL
12 24 24 I

24
3
d}f_ISWsz dud wlB] 2L \_/{
= - - 24
rd

dx 12 24 24
3" degree Polynomial

El.

Bending Moment
So the bending moment diagram would be
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Single degre® shear force
equation In 'x’

—k
2

Shear Force

Shear force is obtained by
taking

third derivative.

dgy _wl _
d 2
Rate of intensity of loading

El WK

d4y:_

El
dxF

W

Case 4: The direct integration method may become more involved if the expression for entire
beam is not valid for the entire beam.Let us consider a deflection of a simply supported beam
which is subjected to a concentrated load W acting at a distance 'a’ from the left end.

W
A lB C
a N b -
—— L —_—
Let R; & R2 be the reactions then,
W

R ‘m



B.M for the portion AB
M =Fix D<xta
B.M far the portionBC
My =Ryn-Wix-a)a<xgl

so the differential equation for the two caseswould be,

2
EI§?= Ryx

ity
EIE=H1 M- W - a)

These two equations can be integrated in the usual way to find ‘y' but this will result in four
constants of integration two for each equation. To evaluate the four constants of integration,
four independent boundary conditions will be needed since the deflection of each support must
be zero, hence the boundary conditions (a) and (b) can be realized.

Further, since the deflection curve is smooth, the deflection equations for the same slope and
deflection at the point of application of load i.e. at x = a. Therefore four conditions required to
evaluate these constants may be defined as follows:

(@ atx=0;y=0intheportion ABie.0<x<a

(b) atx =1; y =0 inthe portion BCi.e.a<x <1

(c) at x = a; dy/dx, the slope is same for both portion

(d) at x = a; y, the deflection is same for both portion

By symmetry, the reaction R; is obtained as

R1=Wh
a+h
Hence,
y _ Wb
= - L T
Elﬁf % i O<x<a (1
dfy _ Wb
- = ¥- - T [,
T (a+h:|}{ W[ - a) atxtl (2)
integrating (1) and () we get,
dy _ Wb 4
El-Lf=——_u" +k Oinda--------
% 2(a+p) #ed =)
£y o Wb Hz_qu—ﬂ2+k fen<] )
dx 2fa+b) 2 : S

Using condition (c) in equation (3) and (4) shows that these constants should be equal, hence
letting

Ki=K2=K

Hence



dy Who 4
El—== +k Disdan---n-- 3
dx Z(a+b) e )
dy _ Wh W (x - a)’
El== ' +k A 4 P 4
% 2[a+b) " 7 A @
Integrating agian equation (3) and (4} we get
Whoo o4
=__ " LxLg--oon-
Ely E(a+hj}{ +kx +ky Oixda ()
Wb W - a)’
Ely = i - +hi+k,  afwilo----- )
Bla+b) B
Ltilizing condition (a) in equation (3] yields
k, =0

Ltilizing condition (b) in equation (B) yields
Wwh oo W(l-a)

0= [* - +kl+1k
Bla+h) B 4
Wb o W(l-a)’
k,=- P+ -kl
* Bfa+h) B
Buta+b=I,
Thus,

Whia + by , i

ky =-
4 B B

-k(a +h)

Now lastly ks is found out using condition (d) in equation (5) and equation (6), the condition
(d) is that,

At X = a; y; the deflection is the same for both portion

Therafore l-l'lllfmrn squation s E-“L,.a,.,., equation &

ar

3
Wb 3 _ Wb o3 W(x-a)
+hi +ky = - +hex +k
Bla+b) T Bla+n) 3 H T
3
Who g Wh . W(a-a)
— g’ +ka+k, = - +ha +k
Ea+b). T Elath) 3 AT
Thus, k,=0;
OR
2
Wh(a+b) | wh®
ky =- I:E ) t— -k(a+b)=0
Wb (a +b)°  ykd
kla+b)=- +
(a+b] 5 5
po_ Whiath) —wib’

5 G(a+b)



so the deflection equations for each portion of the beam are

Wb g
Ely= ¥ otk +k
= Py !
wh'  Whia+b)x Wby
Ely= - + ---for0€x€a----- 7
B3 +B] 3 B(a +b) orf<x<a-----{7)

and far ather partion

Wb o W(x-a)

- +h +k
Blath] 3 *THa
substituting the value of 'k'inthe above equation

W Wix-al  Whia+bhlx wpty
Elv = - - + Forfora<x<l-----
T EE T ©E 3 Bla+m o orAsE @)
so either of the equation (7) ar (8) may be used to find the deflection at x=a

hence substituting x = a in either of the equation we get

Ely=

v =- Wa'h?
=3 3EIfa+b)
ORifa=h=12
_ Wi
mar™  AGE]

ALTERNATE METHOD: There is also an alternative way to attempt this problem in a more
simpler way. Let us considering the origin at the point of application of the load,

X
( '/2 «X} X w
| )
b, I/2 x=0 b
\\2 W/7
2 ; 2
X
Wy
5Fl ==
W

_ I
substituting the value of Min the governing equation for the deflection

wil_
dy _ 22
I El
2
dy _ 1 Wl W LA
¥ [l 4 4
2 2
L (T P
El a 12

Boundary conditions relevant for this case are as follows
(i) at x =0; dy/dx=0
hence, A=0

(if) at x = 1/2; y = 0 (because now | / 2 is on the left end or right end support since we have
taken the origin at the centre)



Thus,

Wi
= -— __+B
2 o6
_wl?
48

Hence he equation which governsthe deflection wouldbe
1 IWL}F CWE WL3]

PElTE T
Hence
3
|at>< o - L At the centre
Vet 48EI
LE
[ ]m atx—+'5- = ﬁ Attheends

Hence the integration method may be bit cumbersome in some of the case. Another limitation
of the method would be that if the beam is of non uniform cross section,

i.e. it is having different cross-section then this method also fails.
So there are other methods by which we find the deflection like

1. Macaulay's method in which we can write the different equation for bending moment for
different sections.

2. Area moment methods

3. Energy principle methods

THE AREA-MOMENT / MOMENT-AREA METHODS:

The area moment method is a semi graphical method of dealing with problems of deflection of
beams subjected to bending. The method is based on a geometrical interpretation of definite
integrals. This is applied to cases where the equation for bending moment to be written is

cumbersome and the loading is relatively simple.

Let us recall the figure, which we referred while deriving the differential equation governing
the beams.




It may be noted that dx is an angle subtended by an arc element ds and M is the bending moment
to which this element is subjected.

We can assume,
ds = dx [since the curvature is small]

hence, R d[C =ds

8 _ 1 _M
ds R El
d8 _ M
ds El

But for small curvature[but Bisthe angle slope is tanB =$ for small
%

z
anglestanB = Bhence & £ d—yau we getd— = Ehy putting ds = dx]
dx dx*  El
Hence,
dg M [ Mdx
E_Em_dﬂ__El i1

The relationship as described in equation (1) can be given a very simple graphical interpretation
with reference to the elastic plane of the beam and its bending moment diagram

A Bl
: Oeftbaia »:ur'.\rT tangents drawn at the
A M do end of small element ds.
' Vo 5
Deflection curve of Y B F— %0
— l
the beam \>< Arc = Angle x radius
-~ O we can lake the radius
1 b S to be equal 1o x
/ 3B This Isalso within
Al v reasonable acouracy

Bending Moment diagram
of the beam subjected to —s| M< [/
arbitrary type of loading

A 5 T = B

Refer to the figure shown above consider AB to be any portion of the elastic line of the loaded
beam and A;B:is its corresponding bending moment diagram.

Let AO = Tangent drawn at A
BO = Tangent drawn at B
Tangents at A and B intersects at the point O.
Futher, AA " is the deflection of A away from the tangent at B while the vertical distance B'B

is the deflection of point B away from the tangent at A. All these quantities are futher
understood to be very small.



Let ds =~ dx be any element of the elastic line at a distance x from B and an angle
between at its tangents be d[]. Then, as derived earlier

h.d x
df= ——
El

This relationship may be interpreted as that this angle is nothing but the area M.dx of the shaded
bending moment diagram divided by EI.

From the above relationship the total angle etween the tangents A and B may be determinedas

Since this integral represents the total area of the bending moment diagram, hence we may
conclude this result in the following theorem

Theorem |I:
{ slope orf } _ %xarea of B.M diagram between
between any two points correspondingportion of B.M diagram

Now let us consider the deflection of point B relative to tangent at A, this is nothing
but the vertical distance BB'. It may be note from the bending diagram that bending of the
element ds contributes to this deflection by an amount equal to x d[17[each of this intercept
may be considered as the arc of a circle of radius x subtended by the angle ]

B
6=_[ widA
Hence the total distance B'B becomes =

The limits from A to B have been taken because A and B are the two points on the elastic curve,
under consideration]. Let us substitute the value of d[7 = M dx / El as derived earlier

5= Mdx 5 hdx
= H——=——1x
|5 El

[ This is infact the moment of area of the bending moment diagram]

F— T

Since M dx is the area of the shaded strip of the bending moment diagram and X is its
distance from B, we therefore conclude that right hand side of the above equation represents
first moment area with respect to B of the total bending moment area between A and B divided
by EI.

Therefore,we are in a position to state the above conclusion in the form of theorem as follows:

Theorem 11:

1 {ﬁra’[ maoment of area with respect }

=—= . .
Deflection of point “B' relative to point A E L topointB, of the total B.M diagram

Futher, the first moment of area, according to the definition of centroid may be written as A%
, where - is equal to distance of centroid and a is the total area of bending moment



A

m —

fis =

Thus,

Therefore, the first moment of area may be obtained simply as a product of the total area of the
B.M diagram between the points A and B multiplied by the distance x to its centroid C.

If there exists an inflection point or point of contreflexure for the elastic line of the loaded beam
between the points A and B, as shown below,

|
|
|
|
|
|
D

e (d

Then, adequate precaution must be exercised in using the above theorem. In such a case B. M
diagram gets divide into two portions +ve and —ve portions with centroids Ciand C». Then to
find an angle between the tangent sat the points A and B

] B
g - IMd}{ __rMdx
w El 5 El
And similarly for the deflection of Baway fromthe tangent at Abecomes

o o
SZIM'd}{.}{— M.d}{.}{
5 El s El

Illustrative Examples: Let us study few illustrative examples, pertaining to the use of these
theorems

Example 1:

1. A cantilever is subjected to a concentrated load at the free end.lIt is required to find out the
deflection at the free end.

Fpr a cantilever beam, the bending moment diagram may be drawn as shown below

[T——
777

‘ 3
_-—
\] WL  B.M.Diagram



Let us workout this problem from the zero slope condition and apply the first area - moment
theorem

slape at A:%[ﬂxrea of B.M diagram between the points A and B]

IRRE

_
ZEl

The deflection at A (relative to B) may be obtained by applying the second area - moment
theorem

NOTE: In this case the point B is at zero slope.

Thus,
&= % [first moment of area of B.M diagram between A andBabout A]
Trs
=5[]

Example 2: Simply supported beam is subjected to a concentrated load at the mid span
determine the value of deflection.

A simply supported beam is subjected to a concentrated load W at point C. The bending
moment diagram is drawn below the loaded beam.

B.M digram.

Again working relative to the zero slope at the centre C.

slope atA=

Ty LY WL .
=] [[5][5][T]] we are taking half area of the B.Mbecause we

[Areaof B.Mdiagrambetween Aand C]

m| —

hawe towork out thisrelative to a zero slope

_ Wl
1BEI



Deflection of & relative to C = central deflection of C
or

6E=%[h’10ment of B.Mdiagram between points A and G about A
1Ly ez,

EIfZNZN 4 )3

_ WL

43El

Example 3: A simply supported beam is subjected to a uniformly distributed load, with a
intensity of loading W / length. It is required to determine the deflection.

The bending moment diagram is drawn, below the loaded beam, the value of maximum B.M
is equal to WI?/ 8

/ w/leng:h

4 £
A 8
L

w
) \
B
A C S.F.Diagram
w
' Jl/2

Wi /’%

B.M.Diagram

” L2 =

s S/8{Li2) .
So by area moment method,

Slope at point Cwert point & = 1 .ﬂ.rea of B.M diagram between point Aand C]

B

_ Wl
24El
Ceflection at point © =%[A 7]
relative to A
wﬁ
EI
SBdEI

Macaulay's Methods

If the loading conditions change along the span of beam, there is corresponding change
in moment equation. This requires that a separate moment equation be written between each
change of load point and that two integration be made for each such moment equation.
Evaluation of the constants introduced by each integration can become very involved.



Fortunately, these complications can be avoided by writing single moment equation in such a
way that it becomes continuous for entire length of the beam in spite of the discontinuity of
loading.

Note : In Macaulay's method some author's take the help of unit function approximation (i.e.
Laplace transform) in order to illustrate this method, however both are essentially the same.

For example consider the beam shown in fig below:
Let us write the general moment equation using the definition M = (3. M )., Which means that

we consider the effects of loads lying on the left of an exploratory section. The moment
equations for the portions AB,BC and CD are written as follows

A 81 “Y y[¥ ¥ yy°
- i Mag = 480 xMm
o 2m deafmy sl ) 2m s
Ri=480N ™~ R 920N My = [480 x-500(x-2)]N.m
450 .
X Jx Mep = [aaux—mn(x—z)—T(x—aj ]N.m

It may be observed that the equation for Mcp will also be valid for both Mag and Mgc provided
that the terms ( x - 2 ) and ( x - 3 )%are neglected for values of x less than 2 m and 3 m,
respectively. In other words, the terms (X - 2) and ( x - 3 )? are nonexistent for values of x for
which the terms in parentheses are negative.

Y|
: 500N 450N/m
A B CYy YYY Y ¥D
e ——
= Zm W ([ P 2m
R1=480N R. =920 N

As an clear indication of these restrictions, one may use a nomenclature in which the usual
form of parentheses is replaced by pointed brackets, namely, < ». With this changein
nomenclature, we obtain a single moment equation

M:[ABEI}{—EEID[}{—EJ— ?[}{ —3)2]N.m

Which is valid for the entire beam if we postulate that the terms between the pointed brackets
do not exists for negative values; otherwise the term is to be treated like any ordinary
expression.

As an another example, consider the beam as shown in the fig below. Here the distributed load
extends only over the segment BC. We can create continuity, however, by assuming that the
distributed load extends beyond C and adding an equal upward-distributed load to cancel its



effect beyond C, as shown in the adjacent fig below. The general moment equation, written for
the last segment DE in the new nomenclature may be written as:

o0 NJ 600 N
A BIIII'TIC 8} E

Ri=500N R:=1300N

400

M=[5|JDH—T[K—1)2 . 400

5 (x-4) +13DD[}{—E)]N.m

It may be noted that in this equation effect of load 600 N won't appear since it is just at the last
end of the beam so if we assume the exploratary just at section at just the point of application
of 600 N than x = 0 or else we will here take the X - section beyond 600 N which is invalid.

Procedure to solve the problems

(i). After writing down the moment equation which is valid for all values of ‘x' i.e. containing
pointed brackets, integrate the moment equation like an ordinary equation.

(ii). While applying the B.C's keep in mind the necessary changes to be made regarding the
pointed brackets.

llustrative Examples :
1. A concentrated load of 300 N is applied to the simply supported beam as shown in Fig.

Determine the equations of the elastic curve between each change of load point and the
maximum deflection in the beam.

300N

A 2m B im C

Ry=100N R:=200N

Solution : writing the general moment equation for the last portion BC of the loaded beam,
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EI—:M:UDD}{—SDD{}{—E})N.m )

i

Integrating twice the above equation to obtain slope and the deflection
dy _ 2 i 2

Bl = (806 -180{x-2)" + G Jum? . 2)

Ely =[53—D}{3 -E{x - 2¥ +c1x+c:2]N.m3 e
To evaluate the two constants of integration. Let us apply the following boundary

conditions:

1. At point A where x = 0, the value of deflection y = 0. Substituting these values in
Eq. (3) we find Cz = 0.keep in mind that < x -2 >* is to be neglected for negative values.

2. At the other support where x = 3m, the value of deflection y is also zero.

substituting these values in the deflection Eg. (3), we obtain
0= [53_%3 -50(3-2)° +3.C1]nr C,=-133N.m’

Having determined the constants of integration, let us make use of Egs. (2) and (3) to
rewrite the slope and deflection equations in the conventional form for the two portions.

segment AB (0 £ x£2m)

dy _ 3 3
ElH =[50% -133)Mm LY
Ely :[?}ﬁ —133}{]N.m3 ....... (5

segment BC Zm & x £ 3m)
Elg—i =[50, -150 (x - 2" ~133x)Nm” ... (B)

Ely = [?}ﬁ -50(x-2)° —133}{]N.m3 T

Continuing the solution, we assume that the maximum deflection will occur in the segment
AB. Its location may be found by differentiating Eq. (5) with respect to x and setting the
derivative to be equal to zero, or, what amounts to the same thing, setting the slope equation
(4) equal to zero and solving for the point of zero slope.

We obtain

50 x?>— 133 = 0 or x = 1.63 m (It may be kept in mind that if the solution of the equation does
not yield a value < 2 m then we have to try the other equations which are valid for segment
BC)

Since this value of x is valid for segment AB, our assumption that the maximum deflection
occurs in this region is correct. Hence, to determine the maximum deflection, we substitute x
=1.63 min Eq (5), which yields

Ely | paem = -145Mm*  (8)



The negative value obtained indicates that the deflection y is downward from the x axis.quite
usually only the magnitude of the deflection, without regard to sign, is desired; this is denoted
by [1, the use of y may be reserved to indicate a directed value of deflection.

if E=30Gpaand I =1.9x10°mm*=1.9x10®m*, Eq. (h) becomes

¥ |paxm = [30%10%](1.9%10°7)
Then = -254mm

Example 2:

It is required to determine the value of Ely at the position midway between the supports and at
the overhanging end for the beam shown in figure below.

! im 3m ; 2m 2m
—— gl T
400 N/m
A Bl I 1 I I 1 I 1 ]C D E
y E B =50 .
R =500N Rz=1300N

Solution:

Writing down the moment equation which is valid for the entire span of the beam and applying
the differential equation of the elastic curve, and integrating it twice, we obtain

2
E|d_¥=h.n1= 5Dn}{_ﬂ[x-1f+4DD(H—4j2+1SDD(x—Ej M.rm
dx 2 2
ad - fzm0x - -0 28 - wBs(x-B) e N
dx 3 3
Ely ] 22_':'}{3 -53_D(x-1j4+53_':'|;x-4j“+52':' (H—Ej3+C1x+Cz]N.m3

To determine the value of C», It may be noted that Ely = 0 at x = 0,which gives C>=
0.Note that the negative terms in the pointed brackets are to be ignored Next,let us use the
condition that Ely = 0 at the right support where x = 6m.This gives

= ?(EF -53_D(5;|4 + %(2}4 +BCy or C, = ~1308N.m?

a

Finally, to obtain the midspan deflection, let us substitute the value of x = 3m in the
deflection equation for the segment BC obtained by ignoring negative values of the bracketed
terms C x - 4 O%and C x - 6 3. We obtain

Ely = ESEB]F —?(2)4 -1308(31 = -1941 M.
For the overhanging end where »=3 mwe have

ey =[Py - 30" T« By -130e ()

= -18140M m?



Example 3:

A simply supported beam carries the triangularly distributed load as shown in figure.
Determine the deflection equation and the value of the maximum deflection.

1 Zx=wx
2 L
We z
¥
Y| |
w
_ 1 (!
A c y Yy
= Y —% .-
L - - b 9 - CK—>
L
/? B /2 ‘
£ 1
Riy=w.L/4 R=w.L4 we-L/4 "/2
(a) (b)

Solution:

Due to symmetry, the reactions is one half the total load of 1/2wolL, or R1 = R> = 1/4woL.Due
to the advantage of symmetry to the deflection curve from A to B is the mirror image of that
from C to B. The condition of zero deflection at A and of zero slope at B do not require the use
of a general moment equation. Only the moment equation for segment AB is needed, and this
may be easily written with the aid of figure(b).

Taking into account the differential equation of the elastic curve for the segment AB and
integrating twice, one can obtain

dy wo Ll owow oy
El=L =M, = —x-02 2 (1
dd P4 L 3 0
dy wolw?  wpu®
El— = 2
dx g 121 e
wo et we
Ely = ';_4 EEIIIIL + G+ Cyl (3

In order to evaluate the constants of integration,let us apply the B.C'swe note that at the support
A,y =0 at x = 0.Hence from equation (3), we get C. = 0. Also,because of symmetry, the slope
dy/dx = 0 at midspan where x = L/2.Substituting these conditions in equation (2) we get

g MbfLY o (LY Lo - 5wl
g Lz2) 1202 ™ 192

Hence the deflection equation from A to B (and also from C to B because of symmetry)
becomes

- L _ Wy o _ SwrgL x
24 GOL 192
YWhichreducesto

—Wﬁ(ﬁﬁ—mﬁf+mﬁ)
oC

Ely

Ely =

The maximum deflection at midspanwhere x= L% isthen found to be

w Lt

Ely =
T




Example 4: couple acting

Consider a simply supported beam which is subjected to a couple M at a distance ‘a’ from the
left end. It is required to determine using the Macauley's method.

lR: =M
A L

T TR 4 Zoe
Ri=MJ g

T >

&M
Al ] 18
a e b =

v

Therefore, writing the general moment equation we get

iy
M=Rp-MO-ab or Eld—2 = M
i
Integrating twice we get
dy e 1
El=L =R, =—-M{x-a% +C
PR { ) 1

}{3

Ely = R1.E—g{x —a¥ + G+ Gy

Example 5:A simply supported beam is subjected to U.d.l in combination with couple M. It is
required to determine the deflection.

200N/m

Yyvy Al

This problem may be attemped in the some way. The general moment equation my be written
as

200 {3 - 43{x - 4}

Mg =Rypx-1800¢x -2V - - +Ry (x - B
200{x - 4%
-Rp- 180002 - 2200 gy
Thus,
a2y o 200{x -4y
BT = Ryx-1800 {x - 2) —#+R2{H—E}

Integrate twice to get the deflection of the loaded beam.



UNIT-V
THIN CYLINDERSSPHERES AND THICK CYL INDERS

Members Subjected to Axisymmetric Loads

Pressurized thin walled cylinder:

Preamble : Pressure vessels are exceedingly important in industry. Normally two types of
pressure vessel are used in common practice such as cylindrical pressure vessel and spherical
pressure vessel.

In the analysis of this walled cylinders subjected to internal pressures it is assumed that the
radial plans remains radial and the wall thickness dose not change due to internal pressure.
Although the internal pressure acting on the wall causes a local compressive stresses (equal to
pressure) but its value is neglibly small as compared to other stresses & hence the sate of stress
of an element of a thin walled pressure is considered a biaxial one.

Further in the analysis of them walled cylinders, the weight of the fluid is considered neglible.

Let us consider a long cylinder of circular cross - section with an internal radius of R 2and a
constant wall thickness‘t' as showing fig.

This cylinder is subjected to a difference of hydrostatic pressure of ‘p' between its inner and
outer surfaces. In many cases, ‘p' between gage pressure within the cylinder, taking outside
pressure to be ambient.

By thin walled cylinder we mean that the thickness‘t' is very much smaller than the radius
Riand we may quantify this by stating than the ratio t / R; of thickness of radius should be less
than 0.1.

An appropriate co-ordinate system to be used to describe such a system is the cylindrical polar
oner, [, z shown, where z axis lies along the axis of the cylinder, r is radial to it and [0 "is
the angular co-ordinate about the axis.

The small piece of the cylinder wall is shown in isolation, and stresses in respective direction
have also been shown.

Type of failure:

Such a component fails in since when subjected to an excessively high internal pressure. While
it might fail by bursting along a path following the circumference of the cylinder. Under normal
circumstance it fails by circumstances it fails by bursting along a path parallel to the axis. This
suggests that the hoop stress is significantly higher than the axial stress.



In order to derive the expressions for various stresses we make following
Applications :

Liquid storage tanks and containers, water pipes, boilers, submarine hulls, and certain air plane
components are common examples of thin walled cylinders and spheres, roof domes.

ANALYSIS : In order to analyse the thin walled cylinders, let us make the following
assumptions :

« There are no shear stresses acting in the wall.

+ The longitudinal and hoop stresses do not vary through the wall.

« Radial stresses ["r which acts normal to the curved plane of the isolated element are neglibly
aty st

small as compared to other two stresses especially when L™

The state of tress for an element of a thin walled pressure vessel is considered to be biaxial,

although the internal pressure acting normal to the wall causes a local compressive stress equal

to the internal pressure, Actually a state of tri-axial stress exists on the inside of the vessel.

However, for then walled pressure vessel the third stress is much smaller than the other two

stresses and for this reason in can be neglected.

Thin Cylinders Subjected to Internal Pressure:

When a thin — walled cylinder is subjected to internal pressure, three mutually perpendicular
principal stresses will be set up in the cylinder materials, namely

« Circumferential or hoop stress

* The radial stress

« Longitudinal stress

now let us define these stresses and determine the expressions for them
Hoop or circumferential stress:

This is the stress which is set up in resisting the bursting effect of the applied pressure and can
be most conveniently treated by considering the equilibrium of the cylinder.

Projecied 7/
area & a l

A\
TN Ty




In the figure we have shown a one half of the cylinder. This cylinder is subjected to an internal
pressure p.

i.e. p = internal pressure

d = inside diameter

L = Length of the cylinder

t = thickness of the wall

Total force on one half of the cylinder owing to the internal pressure 'p'
= p X Projected Area

=pxdxL

=pd.L 1)
The total resisting force owing to hoop stresses on set up in the cylinder walls

=2.0n.L.t (2)

Because [ on.L.t. is the force in the one wall of the half cylinder.
the equations (1) & (2) we get
2.0n.L.t=p.d.L

on=(p.d)/2t

Circumferential or hoop
Stress (on) = (p .d)/ 2t

Longitudinal Stress:

Consider now again the same figure and the vessel could be considered to have closed ends
and contains a fluid under a gage pressure p. Then the walls of the cylinder will have a
longitudinal stress as well as a circumferential stress.

— oy . —
D —
- D P
- . d
—— p—™
— (o] o —

Total force on the end of the cylinder owing to internal pressure
= pressure X area

=p x nd? /4

Area of metal resisting this force = nd.t. (approximately)

because



OLIS acting over
this area

Conslider a free
hody digaram of —> £
the cyclinder when
cut by a transverse plane \

This is the area where is
resisting these force. Obviously
this areais n.d.t

Hence the longitudnal stresses

farce _ [p x mf 4]
area ot
=pd or gL =pd
4t 41
oralternatively framequilibriumeconditions
il
UL.l:??dt:lz FIT

Thus|a =i—?

Setup=

Change in Dimensions :

The change in length of the cylinder may be determined from the longitudinal strain.

Since whenever the cylinder will elongate in axial direction or longitudinal direction, this will
also get decreased in diameter or the lateral strain will also take place. Therefore we will have
to also take into consideration the lateral strain.as we know that the poisson's ratio (v) is

_ - lateral strain
longitudnal strain

where the -ve sigh emphasized that the change is negative

Consider an element of cylinder wall which is subjected to two mutually ¢" normal stresses oL
and oH .

Let E = Young's modulus of elasticity

(o8

OL OL

On
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Resultant Strainin longitudnal directi =_L-pH=_
esultant Strainin longitudnaldirection = HE E(JL
recalling
_pd _pd
Th (T
. . il
€, (langitudnal strain) = —|1-2v
or
Changein Length =Longitudalstrain x original Length
=g,.L
_ . 1 1 |pd d
Similarly the hoop StramEz:E[UH - ycrL]l:E [g—t - ui—t
_ pd
Ez_ﬁ[z_ﬂ]

Infact <; iz the hoop strain ifwe just go by the definition then

_ Changeindiametre _ &d
Originaldiametre d

where d =original diameter.

if we are interestedto find out the change in diametre then
Changein diametre ==, . Original diametre
i.e 6d ==; .d substituting the value of =5 we get

Volumetric Strain or Change in the Internal VVolume:

When the thin cylinder is subjected to the internal pressure as we have already calculated that
there is a change in the cylinder dimensions i.e, longitudinal strain and hoop strains come into
picture. As a result of which there will be change in capacity of the cylinder or there is a change
in the volume of the cylinder hence it becomes imperative to determine the change in volume

or the volumetric strain.
The capacity of a cylinder is defined as
V = Area X Length

=nd¥4 x L

Let there be a change in dimensions occurs, when the thin cylinder is subjected to an internal

pressure.
(i) The diameter d changesto 6 d+4d d

(if) The length L changesto d L + 6 L

Therefore, the change in volume = Final volume - Original volume

=



m o
= —[d+adf (L+dly - —d' L
Fld+sdfL+el) - 2
" @ " 2
; —[d+&d]* (L +6L) - = d° L
wolumetric strain=ChE_m_gE'nW|”mE= 4 4
COriginalvolume L

ld+8df (L+60) - d® L} | (d® +6d” +2d 6d) (L +60) - o L}
ST z - z
deL d L
simplifying and neglecting the products and squares of smallquantities,ie. 6d & 8L
hence

z
_208dL+6L o 5L, 8d

gL L d

By definition E—t =Longitudnal strain

%= hoop strain, Thus

|"-.|I’ulu metric strain = longitudnalstrain +2 x hoop strain|

on substituting the value of longitudnal and hoop strains we get

:ﬂ"—z & :p—d1—2
S=gel 2] B Syl

o _pdp, pd
ar Yolumetric =5, +2 &, iltE[1 Ey]+2'[4tE[1 2:;]]

=Py oy vt 20y = P15 4
ME ME

ic Strain=29.(5 - —Pd e
“olumetric Strain th[E 4u] ar sy :1tE[5 4]

Therefore to find but the increase in capacity or volume, multiply the volumetric strain by
original volume.

Hence

Change in Capacity / Volume  or

] d
| lume = 2275 - 4uv
ncreaseinvolume fltE[ y]

Cylindrical Vessel with Hemispherical Ends:

Let us now consider the vessel with hemispherical ends. The wall thickness of the cylindrical
and hemispherical portion is different. While the internal diameter of both the portions is
assumed to be equal

Let the cylindrical vassal is subjected to an internal pressure p.



/K |
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For the Cylindrical Portion

hoop ar circumferential stress= o 't"here synifie s the cylindrical portion.
_ bd
2y
longitudnal stress= o -
_ pd
o
hoop or circumferential strain €, = % - H%= %[2—1-']

d
ar :‘;?[T[E—y]

For The Hemispherical Ends:

Because of the symmetry of the sphere the stresses set up owing to internal pressure will be
two mutually perpendicular hoops or circumferential stresses of equal values. Again the radial

stresses are neglected in comparison to the hoop stresses as with this cylinder having thickness
to diameter less than1:20.

Consider the equilibrium of the half — sphere

Force on half-sphere owing to internal pressure = pressure X projected Area
=p. nd?/4
Fesisting farce = o, . md.t,

m.d?

—=g,.mdt
p 1 H z

= Ty [fursphere):%

T
similatly the hoop E.train=%[c:rH —y.cru]=—[1 - u]=p—dE[1 -¥]orle ﬂ[1 - v]




Fig — shown the (by way of dotted lines) the tendency, for the cylindrical portion and the
spherical ends to expand by a different amount under the action of internal pressure. So owing
to difference in stress, the two portions (i.e. cylindrical and spherical ends) expand by a
different amount. This incompatibly of deformations causes a local bending and sheering
stresses in the neighbour hood of the joint. Since there must be physical continuity between the
ends and the cylindrical portion, for this reason, properly curved ends must be used for pressure
vessels.

Thus equating the two strains in order that there shall be no distortion of the junction

LI S I L U R el
pry=i o=l U Bl e

But for general steel works v = 0.3, therefore, the thickness ratios becomes
t2/t1=0.7/1.7 or

i.e. the thickness of the cylinder walls must be approximately 2.4 times that of the hemispheroid
ends for no distortion of the junction to occur.

SUMMARY OF THE RESULTS : Let us summarise the derived results

(A) The stresses set up in the walls of a thin cylinder owing to an internal pressure p are :
(i) Circumferential or loop stress

oH = pd/2t

(i) Longitudinal or axial stress

oL = pd/at

Where d is the internal diameter and t is the wall thickness of the cylinder.

then

Longitudinal straine. =1/ E [OOLO0 v K]

Hoop stainen=1/E[ On 0 v ]

(B) Change of internal volume of cylinder under pressure

ﬂ[ﬁ — 4]V
4tE

(C) Fro thin spheres circumferential or loop stress



U=E

H 4t

Thin rotating ring or cylinder

Consider a thin ring or cylinder as shown in Fig below subjected to a radial internal pressure p
caused by the centrifugal effect of its own mass when rotating. The centrifugal effect on a unit
length of the circumference is

p=maw’r

Fig 19.1: Thin ring rotating with constant angular velocity o

Here the radial pressure ‘p' is acting per unit length and is caused by the centrifugal effect if its
own mass when rotating.

Thus considering the equilibrium of half the ring shown in the figure,
2F = p x 2r (assuming unit length), as 2r is the projected area

F=pr

Where F is the hoop tension set up owing to rotation.

The cylinder wall is assumed to be so thin that the centrifugal effect can be assumed constant
across the wall thickness.

F = mass x acceleration=m o?r x r

This tension is transmitted through the complete circumference and therefore is resisted by the
complete cross — sectional area.

Hoop stress=F/A=m w?r?/ A
Where A is the cross — sectional area of the ring.

Now with unit length assumed m/A is the mass of the material per unit volume, i.e. the density
p.

hoop stress = p »? r?

GH=p. % . I?



